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Abstract

The problemof nding minimumenegy pathsand,in particular saddlepoints
on high dimensionalpotentialenegy surfacesis discussed.Several different
methodsarereviewedandtheir ef ciency comparedn atestprobleminvolving
conformationaltransitionsin an island of adatomson a crystal surface. The
focusis entirely on methodsthat only requirethe potentialenegy andits rst
derivative with respecto theatomcoordinatesSuchmethodsanbeapplied for
example,in planewave basedDensity FunctionalTheorycalculationsandthe
computationaeffort typically scaleswvell with systemsize. Whenthe nal state
of thetransitionis known, boththeinitial and nal coordinate®f theatomscan
be usedasboundaryconditionsin the search.Methodsof this typeincludethe
NudgedElasticBand,Ridge,ConjugatePeakRe nement,Dragmethodandthe
methodof Dewar, Healy andStewart. Whenonly theinitial stateis known, the
problemis morechallengingandthe searchfor the saddlepoint representslso
a searchfor the optimaltransitionmechanism We discussa recentlyproposed
methodthatcanbe usedin suchcasesthe Dimer method.

l. INTRODUCTION

A commonandimportantproblemin theoreticalchemistryandin condensed
matter physicsis the calculationof the rate of transitions,for examplechemical
reactionor diffusionevents.In eithercasethecon gurationof atomss changedn
someway duringthetransition. Theinteractionbetweerthe atomscanbe obtained
froman(approximate¥olutionof theSchmdingerequatiordescribingheelectrons,
orfromanotherwisaeleterminegotentialenegy function. Mostoften,it issufcient
to treatthe motion of the atomsusing classicalmechanicsput the transitionsof
interestaretypically mary ordersof magnitudeslower thanvibrationsof theatoms,
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so a direct simulationof the classicaldynamicsis not useful. This ‘rare event'
problemis bestillustratedby an example. We will be describingbelov a study of
con gurationalchangesn a Ptislandon a Pt(111)surface,relevantto the diffusion
of theislandoverthesurface. Theapproximaténteractionpotentialpredictshatthe
easieston gurationalchangehasan activationenegy barrierof  eV. Thisisa
typicalactivationenegy for diffusiononsurfaces.Suchaneventoccursmary times
persecondatroomtemperaturandis, thereforeactive onatypicallaboratorytime
scale.But, thereareontheorderof vibrationalperiodsin betweersuchevents.
A directclassicaldynamicssimulationwhich necessarilhasto faithfully trackall
thisvibrationalmotionwouldtakeontheorderof ~ yearsof computercalculations
onthefastespresentday computerbeforea singlediffusion eventcanbe expected
tooccur! It is clearthatmeaningfuktudiesof thesekindsof eventscannotbecarried
outby simply simulatingthe classicaldynamicsof theatoms.It is essentiato carry
out the simulationson a muchlongertimescale. This time scaleproblemis one
of themostimportantchallengesn computationathemistry materialsscienceand
condensednatterphysics.

Thetimescaleproblemis devastatingor directdynamicakimulationsput makes
it possiblao obtainaccuratestimatesftransitionratesusingpurelystatisticameth-
ods,namelyTransitionStateTheory (TST)® Apart from the Born-Oppenheimer
approximationT ST reliesontwo basicassumptionsfa) therateis slow enoughhat
aBoltzmanndistributionis establisheéndmaintainedn thereactanstate and(b)
adividing surfaceof dimensionalityD 1whereD isthenumberdegreesof freedom
in the systemcanbeidenti ed suchthata reactingtrajectorygoing from theinitial
stateto the nal stateonly crosseghedividing surfaceonce. The dividing surface
must,therefore represent bottleneckfor the transition. The TST expressionfor
therateconstantanbewritten as

where istheaveragespeed, isthecon gurationalintegralfor thetransition
statedividing surface,and  isthecon gurationalintegralfor theinitial state.The
bottleneckcanbeof purelyentropicorigin, but mostoftenin crystalgrownth problems
it is dueto a potentialenegy barrierbetweerthe two local minimacorresponding
to theinitial and nal stateslt canbeshovnthatTST alwaysoverestimatetherate
of escapdrom agiveninitial staté-3 (adiffusionconstantanbeunderestimate
multiple hopsarenotincludedin theanalysi$). Thisleadsto avariationalprinciple
which canbe usedto nd the optimal dividing surface®’ The TST rateestimate
givesan approximatiorfor the rate of escapdrom theinitial state,irrespectve of
the nal state.Thepossiblenal statescanbedeterminedy shorttime simulations
of the dynamicsstartingfrom the dividing surface. This canalsogive anestimate
of the correctionto transitionstatetheory dueto approximation(b), the so called
dynamicalcorrections:°
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Sinceatomsin crystalsareusuallytightly pacledandthe relevanttemperatures
arelow comparedvith themeltingtemperatureheharmonicapproximatiorto TST
(hTST)cantypically beusedin studiesof diffusionandreactionsn crystals? This
greatlysimpli es the problemof estimatingthe rates. The searchfor the optimal
transitionstatethenbecomes searchor the lowestfew saddlepointsat the edge
of thepotentialenegy basincorrespondingo theinitial state.Therateconstanfor
transitionthroughthe region aroundeachoneof the saddlepointscanbe obtained
from the enegy andfrequeny of normalmodesat the saddlepoint andthe initial
statet01?

init .
hTST init

Here, istheenepy of thesaddlgooint, ™! isthelocalpotentialenegy minimum
correspondingo the initial state,andthe arethe correspondingiormalmode
frequenciesThesymbol refersto the saddlepoint. The mostchallengingpartin
this calculationis the searchor the relevantsaddlepoints. Again, the mechanism
of the transitionis re ected in the saddlepoint. The reactioncoordinateat the
saddlepoint is the directionof the unstablemode(the normalmodewith negative
eigervalue). After asaddlepoint hasbeenfound,onecanfollow thegradientof the
enegy downhill, bothforwardandbackward,andmapouttheMinimum Enegy Path
(MEP), therebyestablishingvhatinitial and nal statethesaddlepointcorresponds
to. Theidenti cation of saddlepointsendsup beingoneof the mostchallenging
tasksin theoreticaktudiesof transitionsn condensednatter

The MEP s frequentlyusedto de ne a “reactioncoordinate!? for transitions.It
canbe animportantconceptfor building in anharmoniceffects, or even quantum
corrections. The MEP may have oneor moreminimain betweenthe endpoints
correspondingo stableintermediatecon gurations. The MEP will thenhave two
or moremaxima,eachonecorrespondingo asaddlepoint. Assuminga Boltzmann
populationis reachedor the intermediatgmeta)stablecon gurations,the overall
rateis determinedy the highestenegy saddlepoint. It is, therefore not sufcient
to nd asaddlepoint, but ratheroneneeddo nd thehighestsaddlepointalongthe
MERP, in orderto getanaccurateestimateof theratefrom hTST.

For systemavhereoneor moreatomsneedto betreatedquantunmechanically
a quantummechanicakxtensionof TST, so calledRAW-QTST, canbe used>14
Zeropointenegy andtunnelingarethentakeninto accounty usingFeynmanPath
Integrals!® SinceRAW-QTST is a purely statisticaltheoryanalogouso classical
TST, the pathintegrals are statistical(involve only imaginarytime) and are easy
to samplein computersimulationseven for large systems. The de nition of the
transitionstateneedgo be extendedo higherdimensionshut otherwisethe RAW-
QTST calculationfor quantumsystemss quite similar to the TST calculationdor
classicabystemsA centralproblemis nding agoodreactioncoordinateandagood
transitionstatesurface. In a harmonicapproximationto RAW-QTST, the central
problembecomesheidenti cation of saddlepointson aneffective potentialenegy
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surfacewith higherdimensionalitthantheregularpotentialenegy surface’®# The
saddlepointsareoftenreferredto as instantons'andthe harmonicapproximation
to RAW-QTSTis thesocalledInstantonTheory6-18 Any methodthatcanbeused
to locatesaddlepointsefciently in high dimensioncan,therefore alsobe useful
for calculatingratesin quantumsystems.

Many differentmethod$avebeerpresentetor nding MEPsandsaddlepoints %20
Sincea rst ordersaddlepointis amaximumin onedirectionandaminimumin all
otherdirections,methodsfor nding saddlepointsinvariablyinvolve somekind of
maximizationof onedegreeof freedomandminimizationin otherdegreesof free-
dom. Thecritical issueis to nd agoodandinexpensve estimateof which degree
of freedomshouldbemaximized.Below, we giveanoverview of severalcommonly
usedmethodsn studiesof transitionsin condensednatter We thencomparetheir
performancen the surfaceislandtestproblem.

Il. THE DRAG METHOD

Thesimplestandperhapghemostintuitive methodof all is whatwe will referto
asthe Dragmethod.It actuallyhasmary namedecausé keepsbeingreinvented.
Onedgyreeof freedom,the drag coordinatejs chosenandis held x edwhile all
otherD-1 degreesof freedomarerelaxed,i.e. theenegy of thesystenminimizedin
aD-1 dimensionahyperplane.ln small, stepwiseincrementsthe dragcoordinate
is increasedhndthe systemis draggedrom reactantdo products. The maximum
enegy obtainedstakento bethesaddlegpointenegy. Sometimesaguesgor agood
reactioncoordinateas usedasthe choicefor the dragcoordinate.This couldbethe
distancebetweertwo atoms for example atomsthatstartoutformingabondwhich
endsupbeingbroken. In theabsencef suchanintuitive choice thedragcoordinate
canbesimply choserto bethestraightline interpolationbetweertheinitial and nal
state. This is a lesshiasedway andall coordinatesf the systemthencontritute
in principleto the dragcoordinate.We will follow this secondapproachwhich is
illustratedin gure 1. We have implementedhe Drag methodin sucha way that
theforceactingonthesystemis invertedalongthedragcoordinateandthevelocity
Verletalgorithn?® with a projectedvelocity is usedto simulatethe dynamicsof the
system. The velocity projectionis carriedout at eachtime stepand ensureghat
only thecomponenbf thevelocity parallelto theforceis includedin thedynamics.
Whentheforceandprojectedvelocity pointin theoppositedirection(indicatingthat
the systemhasgoneover the enegy ridge), the velocity is zeroed. This projected
velocity Verletalgorithmhasbeenfoundto beanef cient andsimpleminimization
algorithmfor mary of themethoddliscussedhere.

The problemwith the Drag methodis that both the intuitive, assumedeaction
coordinateandtheunbiasedtraightline interpolationcanturnoutto bebadreaction
coordinatesThey maybeeffectivein distinguishingbetweenmeactantandproducts,
but areactioncoordinatanustdo morethanthat. A goodreactioncoordinateshould
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give thedirectionof the unstablenormalmodeat the saddlepoint. Only thendoes
aminimizationin all otherdegreesof freedombring the systemto the saddlepoint.
Figurel shavs a simplecasewherethe dragmethodfails. As thedragcoordinate
is incrementedstartingfrom theinitial state,R, the systemclimbs up closeto the
slowestascenfpath. After climbing high above the saddlepoint enegy, the enegy
contourseventuallystopcon ning the systemin this enepgy valley andthe system
abruptlysnapsinto an adjacentvalley (the productvalley in the caseof gure 1).
Thesystems nevercon nedto thevicinity of thesaddlgpointbecauséhedirection
of thedragcoordinatas atalargeangleto thedirectionof theunstablenormalmode
atthe saddlepoint. While therecertainlyarecasesvherethe dragmethodworks,
therearealsomary exampleswhereit doesnot work.?>23 The methodfailed, for
example onhalfthesaddlegpointsin thesurfaceislandtestproblemdescribedelow.
Whatseemgo beamoreintuitivereactioncoordinatesuchasthedistancebetween
two atoms,canalsofail, for exampleif adjacentatomsalsogetdisplacedn going
fromtheinitial to nal states Asthetwo atomgyetdraggedparttheadjacenatoms
cansnapfrom onepositionto anotheynever visiting the saddlepointcon guration.
As we will demonstratdelonr, much more reliable methodsexist which are not
signi cantly moreinvolvedto implementor costlyto use.

M. THE NEB METHOD

In theNudgecElasticBand(NEB) method®242> astringof replicagor ‘images')
of the systemare createdand connectedogetherwith springsin sucha way asto
form a discreterepresentationf a pathfrom the reactantcon guration, R, to the
productcon guration, P. Initially, theimagesmay be generatedlongthe straight
line interpolationbetweenR andP. An optimizationalgorithmis thenappliedto
relaxtheimagesdown towardsthe MEP. The NEB andthe CPRmethodareunique
amongthe methodsdiscussedherein that they not only give an estimateof the
saddlepoint, but alsogive amoreglobalview of theenegy landscapefor example,
shaving whethemorethanonesaddlepointis foundalongthe MEP.

The string of imagescanbedenotedoy R R R R  wherethe end-
pointsare x edandgivenby theinitial and nal statesR R andR P, but

intermediatemagesare adjustedby the optimizationalgorithm. The most
straightforvard approactwould beto constructan objectfunction

R R R -R R (N
andminimize with respecto the intermediatémages,R R . This mimics
anelastichandmadeup of beadsand springswith springconstant . The

bandis strungbetweerthetwo x edendpoints.Theproblemwith this formulation
is thattheelasticbandtendsto cutcornersandgetspulledoff the MEP by thespring
forcesin regionswherethe MEP is cunved. Also, the imagestendto slide down



274 G. Henkelman,G. J6hannessoandH. Jénsson

towardsthe endpoints giving lowestresolutionin the region of the saddlepoint,

whereit is mostneeded® Both the cornercuttingandthe sliding-dovn problems
canbesolvedeasilywith aforceprojection. Thisis whatis referredto as nudging'.

Thereasorfor cornercuttingis the componenbf the springforce perpendiculato

thepath,while thereasorfor thedown-slidingis the parallelcomponenbf thetrue

forcecomingfrom theinteractionbetweeratomsin the system.Givenanestimate
of the unit tangentto the pathat eachimage(which will bediscussedater),* , the
forceoneachimageshouldonly containtheparallelcomponenbf thespringforce,

andperpendiculacomponenbf thetrueforce

F R FoAn )

where R isthegradientof theenepgy with respecto theatomiccoordinatesn
thesystematimage , andF isthespringforceactingonimage . Theperpendicular
componenbf thegradientis obtainedby subtractingout the parallelcomponent

R R R (3)

In orderto ensureequalspacingof theimagesgwhenthesamespringconstant, , is
usedfor all thesprings).evenin regionsof high cunaturewheretheanglebetween
R R andR R deviatessigni cantly from , thespringforceshouldbe
evaluatedas

F R R R R 7 (4)

.1 ESTIMATE OF THE TANGENT

Wenow discusgheestimatenf thetangento thepath. In theoriginalformulation
of the NEB method thetangentatanimage wasestimatedrom thetwo adjacent
imageslongthepathR  andR . Thesimplesestimatestousethenormalized
line sggmentbetweerthetwo

R R
IR (®)

but a slightly betterway is to bisectthetwo unit vectors

R R R R
R R R R (©6)
andthennormalize . This latterway of de ning the tangentensureghe

imagesareequispace@venin regionsof large curvature.
Theseestimateof the tangenthave, however, turnedout to be problematicin
somecases® Whentheenepy of thesystenchangesapidly alongthepath,butthe
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restoringforce on the imagesperpendiculato the pathis weak,aswhencovalent
bondsarebrokenandformed,the pathscanget kinky' andcorvergenceto theMEP

may never bereached Oneway to aleviatethe problemis to introducea switching
functionthatintroducesa small part of the perpendiculacomponenbf the spring

force2® This, however, canintroducecornercuttingandleadto anoverestimatef

thesaddlepointenepgy. Thekinkinesscanbe eliminatedby usinga betterestimate
of the tangent® The tangentof the pathat animage is de ned by the vector
betweertheimageandthe neighboringmagewith higherenegy. Thatis

if

i (7)

where
R R and R R (8)
and R . If bothof the adjacenimagesareeitherlowerin enegy, or both

are higherin enegy thanimage , the tangentis taken to be a weightedaverage
of the vectorsto the two neighboringimages. The weightis determinedrom the
enegy. Theweightedaverageonly playsa role at extremaalongthe MEP andit

senesto smoothlyswitchbetweerthetwo possiblgangents and . Otherwise,
thereis anabruptchangean thetangentasoneimagebecomesigherin enegy than
anotherandthis could leadto corvergenceproblems. If image is ata minimum

or at a maximum , the tangentestimate
becomes
max min if
min max  if (9)
where
max. max and
min min (10)

Finally, thetangentvectorneedgo be normalized.With this modi ed tangentthe
elastichandis well behavedandconvergesrigorouslyto the MEPIf sufcient number
of imagesareincluded.

1.2 MINIMIZA TION OF THE FORCE

Theimplementatiorof the NEB methodin a classicadynamicgprogramis quite
simple. First, the enegy andgradientneedto be evaluatedfor eachimagein the
elasticbhandusingsomedescriptiorof theenegeticsof thesystem(a rst principles
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calculationor anempiricalor semi-empiricaforce eld). Then,for eachimage the

coordinatesndenepy of thetwo adjacentmagesarerequiredin orderto estimate
thelocaltangento thepath,projectoutthe perpendiculacomponenof thegradient
andaddthe parallelcomponenbf the springforce. The computatiorof for the

variousimagesof the systemcanbe donein parallelon a clusterof computersfor

examplewith aseparat@odehandlingeachoneof theimages.Eachnodethenonly

needsto receve coordinatesandenegy of adjacenimagesto evaluatethe spring
forceandto carryouttheforce projections.Varioustechnigueganbe usedfor the

minimization. We have usedprojectedvelocity Verlet algorithmdescribedabove

(seethe sectionon Dragmethod).

To starttheNEB calculation aninitial guesss required.We have foundasimple
linearinterpolatiorbetweertheinitial and nal pointadequaté mary casesWhen
multiple MEPsarepresenttheoptimizationleadsto corvergenceao theMEP closest
totheinitial guessasillustratedin gure 2. In orderto nd theoptimalMEPin such
asituation,somesamplingof thevariousMEPsnheedgo becarriedout, for example
asimulatedannealingorocedurepr analgorithmwhich drivesthe systenfrom one
MEPto anotheranalogouso thesearchor aglobalminimumonapotentialenegy
surfacewith mary local minima?”

It is importantto eliminateoverall translationandrotationof the systemduring
the optimizationof the path. A methodfor constraininghe centerof massandthe
orientationof thesystemhasbeendescribedfor example by reference7. Often,it
issufcient to x sixdegreef freedomin eachimageof thesystemfor exampleby
xing oneof theatoms(zeroingall forcesactingon oneof theatomsin thesystem),
constraininganothermtomto only move alongaline (zeroing for example thex and
y component®f the force),andconstraininga third atomto move only in a plane
(zeroing,for example thex componenbf theforce).

1.3 INTERPOLA TION BETWEEN IMA GES

In orderto obtain an estimateof the saddlepoint and to sketch the MER, it
is importantto interpolatebetweenthe imagesof the corverged elasticband. In
additionto the enegy of the images the force alongthe bandprovidesimportant
information and should be incorporatednto the interpolation. By including the
force,the presencef intermediatdocal minimacanoftenbe extractedfrom bands
with asfew asthreeimages.Theinterpolationcanbedonewith acubicpolynomial

t to eachsggment[R R ] in which the four parameter®f the cubic function
canbe chosento enforcecontinuity in enegy andforce at both ends. Writing the
polynomialas , theparameterare’®

(11)
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where and arethe valuesof the enepgy at the endpointsand and

are the valuesof the force along the path. This type of interpolationis usually
guite smootheventhoughthe secondderiative is not forcedto be continuous.A
possibleimprovementis to generatea quintic polynomialinterpolationso thatthe
secondlerivativescanalsobematchedandsetto zeroattheendpointsfor anatural
spline). This higherorderpolynomial can, however, addarti cial wigglesin the
path?6

.4 APPLICATIONS OF THE NEB METHOD

The NEB methodhasbeenappliedsuccessfullyo awide rangeof problemsfor
examplestudiesof diffusion processeat metalsurfaces?® multiple atomexchange
processesbseredin sputterdepositionsimulations?® dissociatve adsorptiorof a
moleculeon a surface?® diffusion of rigid watermoleculeson anice Ih surface®
contactformationbetweemmetaltip andasurface?! cross-slipof screv dislocations
in a metal (a simulationrequiring over 100,000atomsin the system,and a total
of over 2,000,000atomsin the MEP calculation)3? anddiffusion processest and
nearsemiconductosurfaces(usinga planewave basedensityFunctionalTheory
methodto calculatetheatomicforces)3? In thelasttwo applicationghecalculation
wascarriedout onaclusterof workstationswith theforce on eachimagecalculated
onaseparateode.

.5 OTHER CHAIN-OF-STATES METHODS

TheNEB methods anexampleof whathasbeercalledachain-of-statesiethod*
Thecommonfeatureis thatseseralimagesof the systemareconnectedogetherto
traceout a pathof somesort. The simpleobjectfunctionfor a chain(equationl) is
mathematicallyanalogouso a Feynmanpathintegral'® for anoff-diagonalelement
of adensitymatrix describinga quantumparticle,which wasused for example,by
Kuki andWolynesto studyelectrontunnelingin proteins3® Severalchain-of-states
methodshave beenformulatedfor nding transitionpathsthatare optimalin one
way or another®*3 The NEB methodis the only onethat corvergesto the MEP
without having to usesecondderivatives of the enegy. Elber and Karplus®® for-
mulatedanobjectfunctionwhichis essentiallysimilar to equationl althoughmore
complex. CzerminskiandElberpresentednimprovedmethodwith theSelf-Penaly
Walk algorithm(SPW})’ wherearepulsionbetweerimagesvasaddeco theobject
functionto prevent aggreationof imagesand crossingof the pathwith itself in
regions nearminima. Ulitsky and Elber3® and Choi and Elber presenteda quite
differentalgorithm, the Locally UpdatedPlanes(LUP).3° There,the optimization
of the chain-of-stateinvolvesestimatinga local tangentusingequations andthen
minimizing the enegy of eachimage, , within the hyperplanavith normal , i.e.
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relaxingthe systemaccordingo

R R qq (12)
After every  steps(where is on the orderof 10)in the relaxation,the local
tangentsy areupdated.Sincethereis no interactionbetweerntheimages(suchas
the springforce in the NEB), the LUP algorithm gives an uneven distribution of
imagesalongthe path,andcanevengive a discontinuougpathwhentwo or more
MEPslie betweerthegiveninitial and nal states®® Also,theimagesionotcorverge
rigorouslytotheMEP, butslidedown slowly totheendpoiniminimabecausef kinks
thatform spontaneouslgnthepathand uctuate astheminimizationis carriedout.
Choi and Elber point out that it is importantto startwith a goodinitial guessto
the MEP to minimize theseproblems. The NEB methodis closelyrelatedto both
the LUP methodandthe ElberKarplusmethod.The NEB methodincorporateshe
strongpointsof both of theseapproaches.

Smart?® modi ed the ElberKarplus-Czerminskformulationto get bettercon-
vemgenceto the saddlepoint. The objectfunctionin his formulationinvolvesavery
high pawer (onthe orderof 100to 1000)of theenegy of theimageso increasehe
weightof the highestenegy imagealongthe path.

Sevick, Bell andTheodorod® proposed chainof statesnethodfor nding the
MEP, but their optimizationmethod which includesexplicit constraintgor rigidly
xing the distancebetweenimages,requiresevaluationof the matrix of second
derivativesof the potentialandis, therefore not asapplicableto large systemsand
comple interactions.

Chain-of-statesnethodshave also beenusedfor nding classicaldynamical
paths?'42 Gillilan and Wilson*? suggestedising an object function similar to
equationl for nding saddlepoints, but this suffers from the cornercutting and
down-slidingproblemsdiscussedbove.

V. THE CI-NEB METHOD

Recently a modi cation of the NEB methodhasbeendeveloped,the Climbing
Image- NEB ** There,oneof theimagesthe onethatturnsoutto have the highest
enegy afterone,or possiblyafew relaxationstepsjs madeto move uphill in enegy
alongtheelasticband.Thisis accomplishedby zeroingthe springforceonthisone
image completelyandincluding only the invertedparallel componenbf the true
force

FFAQ)? Rimax (13)
Theclimbingimageis draggediphill, analogouso thedragmethodbut theessential
differenceis that the dragdirectionis determinecby the location of the adjacent
imagesin theband,notjust R andP (unlessthe bandonly consistsof onemovable
image). Thetangento thepathis alsoweightedoy theenegy of theadjacentmages
asexplainedabove. Thisturnsoutto beimportantin thesurfaceislandtestproblem.
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Figure2 shavs theresultof a CI-NEB calculationdor thetwo dimensionatest
problem.Threemovableimagesareincludedbetweerthe endpoints,andastraight
line interpolationbetweerR andP is usedasa startingguess. The centralimage
becomesheclimbingimagesinceit hasthehighesenegy initially. Simultaneously
asthe climbing imageis pusheduphill, the othertwo imagesrelax subjectto the
force projectionsof the nudgingalgorithm. After corvergenceis reacheda crude
representationf the MEP hasbeenobtainedandoneof theimagess sitting atthe
saddlepointto within theprescribedolerance An importantaspecbf thealgorithm
is thatall movableimagesareadjustedsimultaneouslyandsinceonly the position
of adjacenimagesareneededor eachstep,thealgorithmagainparallelizegustas
efciently astheregularNEB.

V. THE CPR METHOD

For theconjugatepeakre nementmethod?® (CPR),asetof imageds generated,
oneatatime, betweertheinitial and nal con gurations,R andP. After theimages
areoptimized,a line betweenthe imagesconstitutesa paththatlies closeto (but
not at) the MEP. The maximaalongthe pathwill be at saddlepoints. Eachpoint
alongthe pathis generatedn acycle of line maximizationsandconjugategradient
minimizations.Thisis illustratedin gure 3. In the rst cycle, the maximumalong
thevectorP R isfound,y . Then,aminimizationis carriedoutalongthedirection
of eachof theconjugatevectors(atotalof D 1 dimensions}o give anew pointx .

In thesecondcycle the maximumalongan estimatedangentotheR  x P
pathis found. The tangentis estimatedusingequation6. This new maximumis
denotedy in gure 3. Theenepy is thenminimizedalongeachof the conjugate
vectorsto give anew pointthatcould potentiallygetincorporatednto the path,etc.
Therulesfor decidingwhethera new point getsaddedto the pathpermanentlare
quitecomplicatedandwill not begivenhere. Thecycle of maximizationalongthe
tangentndthenconjugategradientine minimizationss repeatedintil amaximum
alongthe pathhasa smallergradientthanthe giventolerancefor saddlepoints.

A detailedmplementatiorof the CPRmethod the TRAVEL algorithm,hasbeen
describedy Fischer?® providing valuesfor all relevantparametersWe have used
standardalgorithmsfrom referenced7 for bracletingenepgy extremaandtheline-
optimizations.

We did not usethe algorithmto generatea full path but stoppedassoonasa
pointwasfoundthatsatis ed our criterionfor a saddlepoint (the magnitudeof the
gradientof theenepgy beinglessthanagiventolerance).

V1. THE RIDGE METHOD

The Ridgemethodof lonova andCartef® involvesadwancingtwo imagesof the
system,one on eachside of the potentialenegy ridge, down towardsthe saddle
point. The pair of imagesis movedin cyclesof “side steps'and “downhill steps'
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in the following way. First, a straightline interpolationbetweenproducts,P, and
reactantsR, is formedandthe maximumof enegy alongthis line is found. The
methodis illustratedin gure 4, wherethe maximumis foundat pointa. We used
theroutineDBRENT from referencet7 to carry out the line maximizationsyvhich
makesuseof theforce,andtypically takesa coupleof forceevaluationgo corverge
to within A of themaximum. Then,two replicasof the systemarecreatedon
theline, oneon eachsideof themaximum,x andx (seegure 4).

Themagnitudeof the displacemenof the two imagesfrom the maximumneeds
to be chosen. This “side-step'distanceis typically chosento be A in the rst
cycle. The forceis now evaluatedat the two imagesand they are movedin the
directionof the force a certaindistancethe "downhill-step'. This generategoints
x andx . Thedownhill distances typically choserto be A in the rst cycle.
Thiscompleteghe rst cycle. Then,anew cycleis startedoy maximizingalongthe
line[x ,x ] toobtainthepointb, etc.

Theside-stepanddownhill-stepof theimagesneedto graduallydecreasasthe
imagesggetcloserto thesaddlepoint. It is possiblethatthe enegy of apoint (in the
sequenca b ¢ ) ishigherthanatthepreviouspoint. In suchcaseghedownhill
displacemenis reduceddy ahalf. Also, if theratio of theside-stefo downhill-step
distancebecomedarger thana certain,chosenratio, the side stepdistanceis also
decreasethy a half. Thisratiois typically choserto be somenumberin therange
betweerl and10. We foundthatthe algorithmworked bestfor aratioof 1.2in the
testcaseswve carriedout. As thetwo imagesmove andthe sizeof the side-stepto
downhill-stepis decreasedhesequencef pointsa b ¢ shouldleadto asaddle
point.

If thetwo imagesarealmostequallydisplacedrom the top of the enegy ridge
andtheridgeis straight,it canbe sufcient to evaluatethe force only atthe central
point, ratherthanat the two imagestherebysaving a factorof two in the number
of force evaluations. This is implementedn sucha way thatif a new pointin the
sequenca b ¢ isclosetothecenterof thetwoimagegnotwithin % of either
image),thenthe force in the next cycle is only evaluatedat the centralpoint and
appliedto bothimagesn the downhill-step.

It turnsoutthatmostof theforceevaluationsareneededvhenthetwo imagesare
rathercloseto the saddlepoint. lonovaandCarter*® have discusseghossibleways
to improve the performancef themethodin this nal stageof thesearch.

VII. THE DHS METHOD

Dewar, HealyandStevart*® (DHS) have proposed methodwhich alsoinvolves
two imagesf thesystem.First,theendpointdR andP arejoinedby aline sggment.
Thetwo imagesarethensystematicallydravn toward eachotheruntil the distance
betweerthemis smallerthana giventolerancdor nding thesaddlepoint.
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Therearetwo stepsin eachcycle. First,theenegy of bothimagess calculated.
The oneat lower enepy is thenpulled towardsthe oneat higherenegy alongthe
line segment typically about % of theway. Secondtheenepy of thelowerenegy
imageis minimizedkeepingthe distancebetweerthetwo x ed. An applicationof
the methodto the two-dimensionatest problemis shovn in gure 5. In the rst
cycle, theimageat P is higherin enegy thantheoneat R, sothelatteris brought
in towardsP by % andtheallowedto relaxwith a x eddistanceconstraint.This
repeatsseveral times, causingthe imagethat startsat R to climb up the potential
enegyvalley leadingupfromR. Eventually theimageatP becomesowerin enegy.
The v ecyclesfollowing thatareshavnwith solidlinesin gure 5. Remarkablythe
pair of imagesendup moving pastthe local maximumandcorverge on the saddle
pointontheotherside.

The methodcanlocatethe neighboringregion of the saddlepoint quite quickly,
but doesnot converge closeto the saddlepoint ef ciently . If theimagesarepulled
towardseachothertoo quickly, the probability of bothimagesendingon the same
sideof theridgeis increasedEventually asthe pair of imagesgetscloseenougho
the saddlepoint, sucha slip over theridge is boundto occurandbothimageswill
thensettleinto oneof theminimaR or P.

We choseto usea velocity Verlet type algorithn?? for the minimizationof the
positionof thelowerenegy image. At eachsteponly theforce perpendiculato the
line sggmentconnectinghe two imageswasincluded. The velocity parallelto the
forcewasincludedin thedynamicauntil thetwo pointedin theoppositedirection,at
whichpointthevelocitywaszeroed Thisisthesamekind of minimizationalgorithm
we usewith the Drag,NEB andCI-NEB methods.

VIII. THE DIMER METHOD

Whenthe nal stateof atransitionis notknown, the searchfor the saddlepoint
is more challenging. A climb up from theinitial stateto the saddlepointis more
dif cult thanmight at rst appear It is not sufcient to just follow the direction
of slowestascent- the two-dimensionatestproblemillustratedin gures 1 to 5
is an exampleof that. Several methodshave beendevelopedwhereinformation
from secondderiativesis built in to guidethe climb.5%®% Thesemethodshave
becomewidely usedin studiesof smallmoleculesandclusters.Their disadwantage
is thatthey requirethesecondierivativesof theenegy with respecto all theatomic
coordinates, e. thefull Hessiammatrix,andthenthematrixneedso bediagonalized
to nd thenormalmodesanoperationthatscalesas . Theevaluationof second
derivativesis oftenvery costly, for examplein planewave basedensityFunctional
Theorycalculations. Also, in large systemsvhereempirical potentialsare used,
the  scalingbecomes problem.For example,in avery interestingrecentstudy
of relaxationprocessed Lennard-Joneglassesa practicallimit wasreachedata
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coupleof hundredatoms>® while systensizeeffectscanbepresentn suchsystems
evenwhenup to 1000atomsareincluded®’

A new methodfor nding saddlepointswasrecentlypresentedvhich hasthe
essentiatjualitiesof themodefollowing methodsput only requiresrst derivatives
of the enegy andno diagonalizatior?® It canthereforebe appliedto planewave
DFT calculationsandit canbeappliedto large systemswith severalhundredatoms,
asillustratedbelon. The methodinvolvestwo replicasof the systema “dimer’, as
illustratedin gure 6. Thedimeris usedto transformthe force in sucha way that
optimizationleadsto corvergenceto a saddlepoint ratherthana minimum. The
force actingon the centerof the dimer (obtainedby interpolatingthe force on the
two images)getsmodi ed by invertingthecomponentin thedirectionof thedimer.
Beforetranslatingthe dimer, the enegy is minimizedwith respecto orientation.
As pointedout by Voter?® this givesthe directionof the lowestfrequeng normal
mode. Thiseffectiveforcewill takethedimerto asaddlgyointwhenanoptimization
schemas applied,for exampleconjugategradientsor thevelocity Verletalgorithm
with velocity damping. A detailedalgorithmfor nding the optimal orientationin
anef cient wayis describedn references8. In atestprobleminvolving Al adatom
diffusionontheAl(100) surface theDimermethodwasfoundto corvergepreferably
on the lowestsaddlepoints( % of thetime the methodcorvergedon one of the
lowestfour saddlepoints)andthe computationakffort wasfoundto increaseonly
weaklyasthe numberof degreesof freedomin the systemwasincreased®

Figure7 shavs a Dimer calculationfor the two-dimensionatestproblem. The
initial con gurationsfor thedimersearchesveretakenfrom the extremaof a short
hightemperaturenoleculardynamicdrajectory(shovn asadashedine). Thethree
initial pointsaredifferentenoughthatthedimersearchesorvergeto separatsaddle
points. In generalthe stratgy for the Dimer methodis to try mary differentinitial
con gurationsarounda minimum,in orderto nd the saddlepointsthatleadout of
thatminimumbasin.

IX. CONFIGURATIONAL CHANGE IN AN ISLAND ON
FCC(111)

As atestproblemfor comparingthe variousmethodsdescribedabove, we have
chosera heptameislandonthe (111)surfaceof anFCCcrystal. Partly, this choice
is madebecausét is relatively easyto visualizethe saddlepoint con gurations
andpartly becausehereis greatinterestin the atomic scalemechanisnof island
diffusion on surfaces(seefor examplereference 60). The interactionpotentialis
choseno be a simplefunctionto malke it easyfor othersto verify andextendour
results. The atomsinteractvia a pairwiseadditive Morsepotential

(14)
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with parametershoserto reproducaiffusionbarriersonPtsurface$*( eV,

A A). Thepotentialwascutandshiftedat ~ A. While
exchangeprocessesrenot well reproducedvith sucha simplepotential,the pre-
dictedactivationenegy for hopdiffusionprocessess quitesimilarto thepredictions
of morecomple potentialfunctionsandin somecasesn quitegoodagreementvith
experimentaimeasurement$:61

The surfaceis simulatedwith a 6 layer slab, eachlayer containing56 atoms.
The minimum enegy lattice constantfor the FCC solid is used, A. The
bottomthreelayersin the slabareheld x ed. A total of 7 + 168 = 175 atomsare
allowedto move duringthe saddlepoint searchesThis is 525 degreesof freedom.
The displacementsnainly involve someof the islandatoms,but relaxationof the
substratatomscanalsobeimportant.

Theinitial con gurationof theislandis acompacheptameasshavnin gure 8.
Thequestions how theislanddiffuses.We have focusedontheinitial stageof such
acon gurationaltransition,.e. saddlepointsthatareattheboundarnyof thepotential
basincorrespondingo the compactheptameistate. A total of 13 processesvere
found with saddlepoint enegy lessthanor equalto eV. The lowestenegy
processesorrespondo uniform translationof the islandfrom FCC sitesto HCP
sites. Therearetwo slightly differentdirectionsfor theislandto hop,andthustwo
slightly differentsaddlepoints,of enegy eVand eV (seegure 8). The
next threelow enegy saddlepoints,processes8 to 5, correspondo a pair of edge
atomsshiftingto adjacentCCsites. Thethreeprocessearequitesimilar, justthree
slightly inequivalentdirections.Proces$ and7 arequiteinteresting.Here,apair of
atomss againshifted,but now only to thenearbyHCPsites. Theother5 atomsn the
clusterarealsoshiftedto adjacenHCP sitesbut in the oppositedirection. The nal
statehasall islandatomssitting at HCPsites. Processe8 and9 involve aconcerted
move of threeedgeatoms.Procesd0andllinvolveanedgedimerwhereoneof the
atomsmovesin adirectionaway from theislandwhile the otheronetakesits place.
This is a signi cantly higherenegy nal state becausef thelow coordinationof
oneof thedisplacedatoms.Finally, processe&2 and13involve thedisplacemenof
justoneatomaway from theisland,againresultingin low coordinationin the nal
state.

Onecommonfeatureof processe8 to 13is thatthe nal stateis higherin enegy
thantheinitial state.Thesaddlepointis typically late,i.e. closeto the nal state.

X. RESULTS

Theresultsof the calculationsaregivenin tablesl and2. The numberof force
evaluationsneededo reacha saddlepoint is given. We usethis unit of computa-
tional effort becausehe evaluationof the force dominateshe effort at eachstep,
evenwith empiricalpotentials.We arepatrticularlyinterestedn planewave based
DFT calculationswvherethe evaluationof just the enegy andnottheforce presents
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insigni cant savings. The computationakffort is, therefore simply characterized
by the numberof force evaluations.Table 1 givestheresultsobtainedwith corver-
gencetoleranceof eV/A in the magnitudeof the force, i.e. the saddlepoint
searchesverestoppedvhenthe magnitudeof the force on eachdegreeof freedom
haddroppedbelaw thisvalue. Thistolerancas smallenougho getthesaddlepoint
enegy to within eV. To illustratehow fastthe variousmethodshomein onthe
saddlepoints,the numberof force evaluationsneededo satisfyatightertolerance,

eV/A, is givenin table 2 for comparison. In mostcasesthe saddlepoint
enegy obtaineds differentby lessthan eV asthetolerancas reducedbutin
somecaseghedifferenceis ontheorderof eV.

Theresultsshav thatthedragmethodfails for 7 out of the 13 processesThisis
becaus¢he MEP haslarge curvatureandthe directionof theunstablenormalmode
atthe saddlepointis quite differentfrom the directionof thevectorP-R. Thedrag
methodshould therefore not beused.Whenthe dragmethodworks, however, it is
very ef cient.

The CI-NEB methodwith threemovableimages,CI-NEB(3), is highly reliable,
getsall the saddlepoints, and is lessthan threetimes more expensve than the
dragmethod. Sinceit is easyto paralellizethe CI-NEB with oneimagepernode,
the numberof force evaluationsper node,andthereforethe elapsedime until the
calculation nishes onathreenodecluster would actuallybejustaboutthe sameor
evenlessfor CI-NEB(3) thanfor Drag.

It is interestingto pushthe elasticbandmethodto the extremeandreducethe
numberof imagedo one. Thisis essentiallthesameasthe Dragmethodexceptthe
directionof thedragis different. If thetangenin the CI-NEB wereestimatedising
equationb, thenthetwo methodswvould beidentical. Thefactthat CI-NEB usesan
estimateof thetangentequations’ and9, wherethe weightof the adjacenpoints
is afunctionof the enegy, makesthe CI-NEB(1) corvergein thesecasesvhile the
Drag methoddiverges. The saddlepoint is closerto the higherenegy nal state,
andthetangenif the pathis biasedmoretowardstheline sgmentto the nal state
thanto theinitial state.lt is interestinghatCI-NEB(1) is sosuccessfuin thesetest
problemsput it cannotbe expectedo work in all cases.

The Ridge methodis signi cantly more expensve than CI-NEB(3), a factor of
2.7for thelargertoleranceandafactorof 3.3for the smallertolerance . Themethod
hasrelatively hardtime corverging rigorously on the saddlepoint, i.e. it usesa
large numberof force evaluationstowardsthe endof the search.Thereareseveral
parameterim theRidgemethodthatneedio bechoserandtheperformancelepends
guitestronglyonthechoiceof thesgparametersWe optimizedfor oneof thesaddle
pointsearcheandthenusedthesameparametesetfor all of them(the parameters
aregivenin thediscussiorof themethodabove).

The CPRmethodis themostdif cult methodto implementbecausef thecom-
plex rulesfor addingor rejectingpointson the path. It is alsothe leastef cient of
themethoddested.It doeshowever, corverge quickly to the saddlepointonceit is
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close,asis evidentfrom comparingtablel and2. Thisis probablybecausef the
useof the conjugategradientminimizationwhichis quiteef cient.

TheDHS methodof Dewar andcoworkersis easyto implementandit doesquite
well. It is thesecondestmethodatthelargertolerance But, asthe Ridgemethod,
it hashardtime corverging on the saddlepoint. A signi cant improvementin the
timing might occurif a switchto a differentmethod,for examplethe CI-NEB(1),
is madeoncethetwo imagesarein theregion of the saddlg(for example,whenthe
forcehasdroppedo  eV/A).

TheDimer methodcanbestartedrom arny pointonthepotentialenegy surface.
While the methodis designedo work without any knowledgeof the nal state,it
is possibleto make useof the nal statein casesvhereit is known. Tablesl and2
aretimingsfor theDimer methodwherealine maximizationalongtheP R lineis

rst carriedout,andthentheDimer searchs startedrom themaximum.Thedimer
methodis highly ef cient, eachsaddlepointsearchnvolvesfewerforceevaluations
thanCI-NEB(3). The adwantageof CI-NEB(3) is thatit givessomepictureof the
whole MEP in additionto the saddlepoint, asdiscussedbelon. The uniquequality
of the Dimer methodis its ability to climb up the potentialsurface startingfrom

the minimum. Resultsof 50 suchrunsareshavn in gure 9. Here,the starting
pointsweregeneratedby randomdisplacementsf the atomsabouttheinitial state
minimumwith maximumamplitudeof  A. Thetightertolerance, eV/A was
usedn theseruns. It is surprisingthattheaveragenumberof forceevaluationds not
thatmuchlargerthanwhenthe searchwasstartedrom themaximumalongP R

(590force evaluationsvs. 528). Of course|f oneis only interestedn a particular
nal statethedimermethodstartedromtheminimummaycornvergeonthe wrong'

saddlepointandthenneeddo berepeated few times.

For comparisonwe have includedin tablesl and2 the timings for a simpler
algorithm, ART,%” a methodwhich is mainly usedto help equilibratesystemsby
nding nal stategatherthansaddlepoints(andhasprovento behighly successful
in simulationsof amorphousnaterials®? for example). Themethodis analogouso
the dragmethodexceptno referencas madeto the nal statethedragcoordinate
is takento bethedirectionfrom the initial stateto the currentlocation. Theforce
wasinvertedalongthe dragcoordinateandvelocity Verletalgorithmwith velocity
projectionsusedto homein on the saddlepoint. The methodis very efcient and
takes somevhat fewer iterationsthan the dimer method, but similar to the drag
method,it doesnot nd abouthalf the saddlepoints.

XI. DISCUSSION

It is importantto point out that all the timings given above arefor a searchof
a singlesaddlepoint. In orderto verify thatthe saddlepoint foundis indeedthe
highestsaddlegpointonthe MEP for theproces®f interestacalculationof theMEP
needdo be carriedout. Giventhe saddlepoint, it is ratherstraightforvardto slide
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down alongthe MEP. Onestablemethodis to displacethe systemdownward and

thenminimizetheenegy with a x eddistanceo thepreviouspointhigherup along

thepath. The CI-NEB(3) methodprovidesthreepointsalongthe MEP andwith the

interpolationwhereforcesareincludedthis is typically enoughto seewhetherthe

pathhasmorethanonesaddlepoint. The CI-NEB(3) timingsin table1 and?2 are,

therefore thetotal numberof force evaluationsneededo getboththe saddlepoint

enegy andto getareasonablédeaof whatthe MEP lookslike. If it is evidentthat

additionalsaddlepoints are present,additionalimagescan be introducedstarting
from the bestestimatefrom the interpolation. The Ridge, CPRandDHS methods
would all needto befollowedby a calculationof the MEP startingfrom the saddle
point. Thiswouldtypically addacoupleof hundredorceevaluationsgo thenumbers
givenfor the Drag, Ridge, CPRandDHS methodsn tablel and2.

XIl. SUMMARY

An overvienv hasbeengiven of several methodsusedto nd saddlepointson
enegy surfaceswhenonly the enegy and rst derivativeswith respecto atomic
positionsare available. Finding saddlepointsis the mostchallengingtask when
estimatingratesof transitionswithin harmonicTransitionStateTheory The high
dimensionalityof condensednattersystemamnakesthis non-trivial. Several com-
monly usedmethodshave beenappliedto atestprobleminvolving con gurational
changesn anislandon a crystal surfacewherethe nal stateof the transitionis
known. The CI-NEB methodturnedoutto bethemostef cient method.In addition
to thesaddlepoint, it givesanideaof theshapeof thewhole MEP. Thisis necessary
to determinavhethemorethanonesaddlepointsarepresentandthenwhich oneis
highest.Whenthe nal stateis notknown, the Dimer methodcanbe usedto climb
upthepotentialenegy surfacestartingfrom theinitial state.Theaveragenumberof
force evaluationsfor a Dimer to corverge on a saddlepointis similarto a CI-NEB
calculationwith threemavableimagesin thetestproblemstudiedhere.

It is our hopethatthetestproblempresentedvill continueto beausefulstandard
for comparingmethodsor nding saddlepoints. Clearly, othertestproblemswith
differentqualitiesshouldalso be added. To make it easierfor othersto usethis
testproblem,we have madecon gurationsand other supplementarynformation
availableonthewebat:
http://www-theorychem.washington.edu/~hannes/papegnThChem
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Appendix: The two-dimensionaltest problem

This modelincludesa LEPS® potentialcontribution which mimics a reaction
involving threeatomscon nedto motionalongaline. Only onebondcanbeformed,
eitherbetweenatomsA andB or betweenatomsB and C. The potentialfunction
hastheform

LEPS AB BC AC AB BC AC
AB BC

AB BC BC AC AB AC (Al)

wherethe functionsrepresenCoulombinteractiondbetweerthe electronclouds
andthe nucleiandthe functionsrepresenthe quantummechanicakxchangein-
teractions.Theform of thesefunctionsis

and

The parametersverechoserto be , , , ,
, , andfor all threepairsweuse and .

In orderto reducethe numberof variablesthelocationof theendpointatomsA
andCis x edandonly atomB is allowedto move. A “‘condenseghasesrvironment'
is representethy addinga harmonicoscillatordegreeof freedomcoupledto atom
B. This canbeinterpretedasa fourth atomwhichis coupledin a harmonicway to

atomB

LEPS
AB AB AC AB AB AC (A 2)

where ac , , and . Thistype of modelhasfrequently
beenusedasa simplerepresentationf anactivatedprocessoupledto a medium,
suchasa chemicalreactionin aliquid or in a solid matrix.

In orderto createtwo saddlepointsratherthanjust one,a Gaussiarfunctionis
addedo as  togive

© B AB AB (A.3)

wherethe Gaussiarfunctionis exp . A
contourplot of this 2D potentialsurfaceis givenin gures 1to 5.
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Tablel Numberof force evaluationsneededo reac saddlepointto

theforce
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Tablell  Numberof force evaluationsneededo read saddlepointto eV/Atolerance
in theforce

saddle Drag CI-NEB(3) CI-NEB(1) Ridge CPR DHS Dimer ART

1 324 372 122 3441 653 795 328 332
2 70 192 45 288 433 290 244 146
3 - 597 327 2382 1610 1295 746 336
4 - 585 246 2047 1729 1296 546 366
5 - 675 314 2112 1695 1258 570 377
6 - 999 274 2187 2821 4310 704 -
7 - 978 271 2144 2720 4076 588 -
8 323 573 309 4090 1197 1320 559 742
9 338 855 446 1995 1268 1342 553 754
10 - 648 174 1610 1739 1468 816 -
11 - 447 237 1859 2793 1474 308 -
12 299 687 150 1861 1038 1160 386 -
13 293 738 230 1901 969 1097 562 -
Average 275 642 242 2147 1590 1629 532 436

Std 102 228 103 890 788 1182 173 227
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Figurel The'drag' method.A drag coodinateis de nedby interpolatingfromR to P with
astraightline (dashedine). StartingfromR, thedrag coodinateis increasedstepwisendheld
xed whilerelaxingall otherdegreesof freedonin thesystemlIn a two-dimensionasystemthe
relaxationis alonga line perpendiculato theP R vector Thesolid linesshowthe r stand
last relaxationline in the drag calculation. The nal location of the systenmafter relaxationis
shownwith lled circles. Asthedrag coorinateis increasedthe systentlimbsupthe potential
surfacecloseto the slowestascentpath, reacing a potentiallarger thanthe saddlepoint, and
then, eventually slipping over to the productwell. In this simpletestcase the drag method
cannotlocatethe saddlepoint.
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Figure 2 The Climbing Image Nudged Elastic Band method,CI-NEB. An elastic bandis
formedwith threemovableimagesof the systentonnectedy springsand placedbetweerthe
xed endpointsR andP. Thecalculationis startedby placingthethreeimagesalonga straight
line interpolation. Theimages are thenrelaxedkeepingonly the the componenbf the spring
force parallel to the path and the componentf the true force perpendicularto the path. The
image with thehighestenepy is alsoforcedto move uphill alongthe parallel componenof the
true forceto the saddlepoint.

T
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Figure3 Theconjugatepeakre nement(CPR)method. Points along a path connectingR

andP are geneated,onepointat a timethrougha cycleof maximizatiorandthenminimization.
First, the maximumalongthe vectorP R is found,y . Then,a minimizationis carried out
alonga conjugatevector(smalldashedine) to givelocationx onthepath. In theseconctycle
(shownin inset)the maximumelongan estimatedangenttotheR  x P path(solidline in

inset)is found,y , andthenenepy is minimizedalonga conjugatevector(smalldashedine in

inset)to give a fourth pointalongthe path, etc.

3 ||saddle point

0 1
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Figure4 TheRidge method.A pair of imageson ead sideof the potentialenegy ridge is
movedtowards the saddlepoint. First, the maximumalongthevectorP R is found,pointa
in theinset. Thenthe two imagesare formedon ead sideof the maximumpointsx andx ,
andare displaceddownhill alongthegradientto pointsx andx . Thiscycleof maximization
betweernhetwoimages,andthedownhillmove of thetwoimagesalongthegradientis repeated,
with smallerandsmallerdisplacementantil the saddlepointis readed.
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Figure5 ThemethofDewar, HealyandStavart(DHS).Initially, a pair ofimagesis created
atR andP. In eac cyclg thelower enegy image is pulledtowardsthe higherenegy oneand
thenallowedto relax keepingthe distancebetweerthetwo xed. Eventually the two images
straddlethe enegy ridge nearthe saddlepoint.

3 saddle point

l I

0 1 2 3 4
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Figure6 Thecalculationoftheeffectiveforcein theDimermethod.A pair of images,spaced
apart by a smalldistance ontheorderof A, is rotatedto minimizethe enegy. Thisgives
thedirectionof thelowestfrequencynormalmode Thecomponenof theforcein thedirection
of thedimeris theninvertedand the minimizationof this effectiveforce leadsto corvergenceto

a saddlepoint. Norefelenceis madeto the nal state
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Figure7 Applicationof thedimermethodo a two-dimensionalestproblem. Threedifferent
startingpointsare geneatedin thereactantregion by taking extremaalonga high tempeature
dynamicatrajectory Fromead oneofthesethedimeris r sttranslatedonlyin thedirectionof
thelowestmode but oncethedimeris outof thecorvex regiona full optimizationof theeffective
forceis carried outat ead step(thusthekinkin two of thepaths). Each oneof thethreestarting
pointsleadsto a differentsaddlepointin this case
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Figure8 On-topview of thesurfaceandthesesenatomislandusedto testthevarioussaddle

pointseach methods Theshadingndicatesgheheightoftheatoms.Theinitial stateis shownon

top. Thesaddlepointcon guration andthe nal stateofthe 13transitionsare alsoshownwith
theenepgy of thesaddlepoint(in eV) indicatedto theleft. The r sttwotransitionscorrespondo

a uniformtranslationof theintactisland. Transitions3-5 correspondo a pair of atomssliding
to adjacentFCCsites.In transitions6 and 7 the pair of atomsslidesto theadjacentHCP sites
andtheremaining5 atomsslidein theoppositedirectionto HCP sites. In transitions8 and9, a

atomsmovesin suc a way that one of the atomsis displacedaway fromthe island while the

row of threeedge atomsslidesinto adjacentFCC sites. In transitions10 and 11 a pair of edge
otheratomtakesits place In transitions12 and13 a singleatomgetsdisplaced.
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Figure9 Thefrequencyat which thevarioussaddlepointsfor the surfaceislandtransitions
(illustratedin gure 8) are foundwith the Dimer method. Thelowestsaddlepointsare found
with the highestfrequency Also shownare the numberof iterationsrequired to go from the
intial stateto the saddlepointto within a forcetoleranceof eV/A. For themore practical

eV/Atolerance theaveiage numberof forceevaluationswasa little under300. Theerror
bars showthe standad deviation.




