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Abstract Theproblemof �nding minimumenergy pathsand,in particular, saddlepoints
on high dimensionalpotentialenergy surfacesis discussed.Several different
methodsarereviewedandtheiref�ciency comparedona testprobleminvolving
conformationaltransitionsin an island of adatomson a crystal surface. The
focusis entirely on methodsthat only requirethe potentialenergy andits �rst
derivativewith respectto theatomcoordinates.Suchmethodscanbeapplied,for
example,in planewave basedDensityFunctionalTheorycalculations,andthe
computationaleffort typically scaleswell with systemsize.Whenthe�nal state
of thetransitionis known, boththeinitial and�nal coordinatesof theatomscan
beusedasboundaryconditionsin thesearch.Methodsof this type includethe
NudgedElasticBand,Ridge,ConjugatePeakRe�nement,Dragmethodandthe
methodof Dewar, HealyandStewart. Whenonly theinitial stateis known, the
problemis morechallengingandthesearchfor thesaddlepoint representsalso
a searchfor theoptimal transitionmechanism.We discussa recentlyproposed
methodthatcanbeusedin suchcases,theDimermethod.

I. INTRODUCTION

A commonand importantproblemin theoreticalchemistryand in condensed
matterphysicsis the calculationof the rate of transitions,for examplechemical
reactionsordiffusionevents.In eithercase,thecon�gurationof atomsis changedin
somewayduringthetransition.Theinteractionbetweentheatomscanbeobtained
froman(approximate)solutionof theSchr•odingerequationdescribingtheelectrons,
orfromanotherwisedeterminedpotentialenergyfunction.Mostoften,it issuf�cient
to treat the motion of the atomsusingclassicalmechanics,but the transitionsof
interestaretypically many ordersof magnitudeslowerthanvibrationsof theatoms,
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so a direct simulationof the classicaldynamicsis not useful. This `rare event'
problemis bestillustratedby anexample. We will bedescribingbelow a studyof
con�gurationalchangesin aPt islandonaPt(111)surface,relevantto thediffusion
of theislandoverthesurface.Theapproximateinteractionpotentialpredictsthatthe
easiestcon�gurationalchangehasanactivationenergy barrierof

��� �

eV. This is a
typicalactivationenergy for diffusiononsurfaces.Suchaneventoccursmany times
persecondatroomtemperatureandis, therefore,activeonatypical laboratorytime
scale.But, thereareontheorderof �

�����

vibrationalperiodsin betweensuchevents.
A directclassicaldynamicssimulationwhich necessarilyhasto faithfully trackall
thisvibrationalmotionwouldtakeontheorderof �

�
	

yearsof computercalculations
on thefastestpresentdaycomputerbeforea singlediffusioneventcanbeexpected
tooccur! It is clearthatmeaningfulstudiesof thesekindsof eventscannotbecarried
outby simplysimulatingtheclassicaldynamicsof theatoms.It is essentialto carry
out the simulationson a much longer timescale. This time scaleproblemis one
of themostimportantchallengesin computationalchemistry, materialsscienceand
condensedmatterphysics.

Thetimescaleproblemisdevastatingfor directdynamicalsimulations,butmakes
it possibletoobtainaccurateestimatesof transitionratesusingpurelystatisticalmeth-
ods,namelyTransitionStateTheory(TST).1–5 Apart from theBorn-Oppenheimer
approximation,TSTreliesontwobasicassumptions:(a)therateisslow enoughthat
aBoltzmanndistribution is establishedandmaintainedin thereactantstate,and(b)
adividingsurfaceof dimensionalityD � 1whereD is thenumberdegreesof freedom
in thesystemcanbeidenti�ed suchthata reactingtrajectorygoingfrom theinitial
stateto the�nal stateonly crossesthedividing surfaceonce.Thedividing surface
must,therefore,representa bottleneckfor the transition. The TST expressionfor
therateconstantcanbewrittenas

��
���� ��� �

�

���

���

where ��� ��� � is theaveragespeed,
���

is thecon�gurationalintegral for thetransition
statedividingsurface,and

���

is thecon�gurationalintegralfor theinitial state.The
bottleneckcanbeof purelyentropicorigin,butmostoftenin crystalgrowthproblems
it is dueto a potentialenergy barrierbetweenthetwo local minimacorresponding
to theinitial and�nal states.It canbeshown thatTSTalwaysoverestimatestherate
of escapefrom agiveninitial state2,3 (adiffusionconstantcanbeunderestimatedif
multiplehopsarenot includedin theanalysis6). This leadsto avariationalprinciple
which canbe usedto �nd the optimal dividing surface.3,7 The TST rateestimate
givesanapproximationfor the rateof escapefrom the initial state,irrespective of
the�nal state.Thepossible�nal statescanbedeterminedby shorttimesimulations
of thedynamicsstartingfrom thedividing surface. This canalsogive anestimate
of the correctionto transitionstatetheorydueto approximation(b), the so called
dynamicalcorrections.8,9
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Sinceatomsin crystalsareusuallytightly packedandtherelevanttemperatures
arelow comparedwith themeltingtemperature,theharmonicapproximationtoTST
(hTST)cantypically beusedin studiesof diffusionandreactionsin crystals.9 This
greatlysimpli�es the problemof estimatingthe rates. The searchfor the optimal
transitionstatethenbecomesa searchfor the lowestfew saddlepointsat theedge
of thepotentialenergy basincorrespondingto theinitial state.Therateconstantfor
transitionthroughtheregion aroundeachoneof thesaddlepointscanbeobtained
from theenergy andfrequency of normalmodesat thesaddlepoint andthe initial
state,10,11
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is theenergy of thesaddlepoint, :

init is thelocalpotentialenergy minimum
correspondingto the initial state,andthe %

$ are the correspondingnormalmode
frequencies.Thesymbol ; refersto thesaddlepoint. Themostchallengingpart in
this calculationis thesearchfor therelevantsaddlepoints. Again, themechanism
of the transition is re�ected in the saddlepoint. The reactioncoordinateat the
saddlepoint is thedirectionof theunstablemode(thenormalmodewith negative
eigenvalue).After asaddlepointhasbeenfound,onecanfollow thegradientof the
energydownhill, bothforwardandbackward,andmapouttheMinimumEnergyPath
(MEP),therebyestablishingwhatinitial and�nal statethesaddlepointcorresponds
to. The identi�cation of saddlepointsendsup beingoneof the mostchallenging
tasksin theoreticalstudiesof transitionsin condensedmatter.

TheMEP is frequentlyusedto de�ne a `reactioncoordinate'12 for transitions.It
canbe an importantconceptfor building in anharmoniceffects,or even quantum
corrections.5 The MEP may have oneor moreminima in betweenthe endpoints
correspondingto stableintermediatecon�gurations. TheMEP will thenhave two
or moremaxima,eachonecorrespondingto asaddlepoint. AssumingaBoltzmann
populationis reachedfor the intermediate(meta)stablecon�gurations,the overall
rateis determinedby thehighestenergy saddlepoint. It is, therefore,not suf�cient
to �nd a saddlepoint,but ratheroneneedsto �nd thehighestsaddlepointalongthe
MEP, in orderto getanaccurateestimateof theratefrom hTST.

For systemswhereoneor moreatomsneedto betreatedquantummechanically,
a quantummechanicalextensionof TST, so calledRAW-QTST, canbe used.13,14

Zeropointenergy andtunnelingarethentakeninto accountby usingFeynmanPath
Integrals.15 SinceRAW-QTST is a purelystatisticaltheoryanalogousto classical
TST, the path integralsarestatistical(involve only imaginarytime) andareeasy
to samplein computersimulationseven for large systems. The de�nition of the
transitionstateneedsto beextendedto higherdimensions,but otherwisetheRAW-
QTSTcalculationfor quantumsystemsis quitesimilar to theTST calculationsfor
classicalsystems.A centralproblemis�nding agoodreactioncoordinateandagood
transitionstatesurface. In a harmonicapproximationto RAW-QTST, the central
problembecomestheidenti�cation of saddlepointsonaneffectivepotentialenergy
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surfacewith higherdimensionalitythantheregularpotentialenergysurface.13,14 The
saddlepointsareoftenreferredto as`instantons'andtheharmonicapproximation
to RAW-QTSTis thesocalledInstantonTheory.16–18 Any methodthatcanbeused
to locatesaddlepointsef�ciently in high dimension,can,therefore,alsobeuseful
for calculatingratesin quantumsystems.

Many differentmethodshavebeenpresentedfor �nding MEPsandsaddlepoints.19,20

Sincea �rst ordersaddlepoint is amaximumin onedirectionandaminimumin all
otherdirections,methodsfor �nding saddlepointsinvariablyinvolvesomekind of
maximizationof onedegreeof freedomandminimizationin otherdegreesof free-
dom. Thecritical issueis to �nd a goodandinexpensiveestimateof which degree
of freedomshouldbemaximized.Below, wegiveanoverview of severalcommonly
usedmethodsin studiesof transitionsin condensedmatter. We thencomparetheir
performanceon thesurfaceislandtestproblem.

II. THE DRAG METHOD

Thesimplestandperhapsthemostintuitivemethodof all is whatwewill referto
astheDragmethod.It actuallyhasmany namesbecauseit keepsbeingreinvented.
Onedegreeof freedom,the dragcoordinate,is chosenandis held �x edwhile all
otherD-1 degreesof freedomarerelaxed,i.e. theenergy of thesystemminimizedin
a D-1 dimensionalhyperplane.In small,stepwiseincrements,thedragcoordinate
is increasedandthesystemis draggedfrom reactantsto products.Themaximum
energyobtainedis takentobethesaddlepointenergy. Sometimes,aguessfor agood
reactioncoordinateis usedasthechoicefor thedragcoordinate.This couldbethe
distancebetweentwo atoms,for example,atomsthatstartoutformingabondwhich
endsupbeingbroken. In theabsenceof suchanintuitivechoice,thedragcoordinate
canbesimplychosentobethestraightline interpolationbetweentheinitial and�nal
state. This is a lessbiasedway andall coordinatesof the systemthencontribute
in principle to thedragcoordinate.We will follow this secondapproach,which is
illustratedin �gure 1. We have implementedthe Dragmethodin sucha way that
theforceactingon thesystemis invertedalongthedragcoordinateandthevelocity
Verletalgorithm21 with aprojectedvelocity is usedto simulatethedynamicsof the
system. The velocity projectionis carriedout at eachtime stepandensuresthat
only thecomponentof thevelocityparallelto theforceis includedin thedynamics.
Whentheforceandprojectedvelocitypointin theoppositedirection(indicatingthat
thesystemhasgoneover the energy ridge), thevelocity is zeroed.This projected
velocityVerletalgorithmhasbeenfoundto beanef�cient andsimpleminimization
algorithmfor many of themethodsdiscussedhere.

Theproblemwith the Drag methodis that both the intuitive, assumedreaction
coordinateandtheunbiasedstraightline interpolationcanturnouttobebadreaction
coordinates.They maybeeffectivein distinguishingbetweenreactantsandproducts,
but areactioncoordinatemustdomorethanthat. A goodreactioncoordinateshould
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give thedirectionof theunstablenormalmodeat thesaddlepoint. Only thendoes
aminimizationin all otherdegreesof freedombring thesystemto thesaddlepoint.
Figure1 shows a simplecasewherethedragmethodfails. As thedragcoordinate
is incremented,startingfrom the initial state,R, thesystemclimbsup closeto the
slowestascentpath. After climbing high above thesaddlepoint energy, theenergy
contourseventuallystopcon�ning thesystemin this energy valley andthesystem
abruptlysnapsinto an adjacentvalley (the productvalley in the caseof �gure 1).
Thesystemis nevercon�nedto thevicinity of thesaddlepointbecausethedirection
of thedragcoordinateis atalargeangleto thedirectionof theunstablenormalmode
at thesaddlepoint. While therecertainlyarecaseswherethedragmethodworks,
therearealsomany exampleswhereit doesnot work.22,23 Themethodfailed, for
example,onhalf thesaddlepointsin thesurfaceislandtestproblemdescribedbelow.
Whatseemsto beamoreintuitivereactioncoordinate,suchasthedistancebetween
two atoms,canalsofail, for exampleif adjacentatomsalsogetdisplacedin going
fromtheinitial to �nal states.As thetwoatomsgetdraggedapart,theadjacentatoms
cansnapfrom onepositionto another, nevervisiting thesaddlepointcon�guration.
As we will demonstratebelow, muchmore reliable methodsexist which are not
signi�cantly moreinvolvedto implementor costlyto use.

III. THE NEB METHOD

In theNudgedElasticBand(NEB)method20,24,25astringof replicas(or`images')
of thesystemarecreatedandconnectedtogetherwith springsin sucha way asto
form a discreterepresentationof a pathfrom the reactantcon�guration, R, to the
productcon�guration,P. Initially, theimagesmaybegeneratedalongthestraight
line interpolationbetweenR andP. An optimizationalgorithmis thenappliedto
relaxtheimagesdown towardstheMEP. TheNEB andtheCPRmethodareunique
amongthe methodsdiscussedherein that they not only give an estimateof the
saddlepoint,but alsogiveamoreglobalview of theenergy landscape,for example,
showing whethermorethanonesaddlepoint is foundalongtheMEP.

The stringof imagescanbedenotedby < R �
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andminimize with respectto the intermediateimages,R �
=

�6�6�

= R
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. This mimics
anelasticbandmadeup of

A

�K� beadsand
A

springswith springconstant
�

. The
bandis strungbetweenthetwo �x edendpoints.Theproblemwith this formulation
is thattheelasticbandtendsto cutcornersandgetspulledoff theMEPby thespring
forcesin regionswherethe MEP is curved. Also, the imagestendto slide down
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towardsthe endpoints,giving lowestresolutionin the region of the saddlepoint,
whereit is mostneeded.20 Both thecorner-cuttingandthesliding-down problems
canbesolvedeasilywith aforceprojection.Thisis whatis referredto as`nudging'.
Thereasonfor corner-cuttingis thecomponentof thespringforceperpendicularto
thepath,while thereasonfor thedown-slidingis theparallelcomponentof thetrue
forcecomingfrom theinteractionbetweenatomsin thesystem.Givenanestimate
of theunit tangentto thepathat eachimage(which will bediscussedlater), ^L

$ , the
forceoneachimageshouldonly containtheparallelcomponentof thespringforce,
andperpendicularcomponentof thetrueforce

F $
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III.1 ESTIMATE OF THE TANGENT

Wenow discusstheestimateof thetangentto thepath.In theoriginalformulation
of theNEB method,thetangentat animageS wasestimatedfrom thetwo adjacent
imagesalongthepath,R $YX

� andR $

'

� . Thesimplestestimateistousethenormalized
line segmentbetweenthetwo

U

L

$


 R $\X

�

� R $

'

�

� R $\X

�

� R $

'

�

�

(5)

but aslightly betterway is to bisectthetwo unit vectors
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andthennormalize U
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L^]

�

L

� . This latter way of de�ning the tangentensuresthe
imagesareequispacedevenin regionsof largecurvature.

Theseestimatesof the tangenthave, however, turnedout to be problematicin
somecases.26 Whentheenergy of thesystemchangesrapidlyalongthepath,but the
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restoringforceon the imagesperpendicularto the pathis weak,aswhencovalent
bondsarebrokenandformed,thepathscanget`kinky' andconvergenceto theMEP
mayneverbereached.Oneway to aleviatetheproblemis to introducea switching
function that introducesa smallpartof theperpendicularcomponentof thespring
force.20 This,however, canintroducecorner-cuttingandleadto anoverestimateof
thesaddlepointenergy. Thekinkinesscanbeeliminatedby usinga betterestimate
of the tangent.26 The tangentof the pathat an image S is de�ned by the vector
betweentheimageandtheneighboringimagewith higherenergy. Thatis
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of the vectorsto the two neighboringimages.The weight is determinedfrom the
energy. The weightedaverageonly playsa role at extremaalongthe MEP andit
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Finally, thetangentvectorneedsto benormalized.With this modi�ed tangent,the
elasticbandiswell behavedandconvergesrigorouslytotheMEPif suf�cient number
of imagesareincluded.

III.2 MINIMIZA TION OF THE FORCE

Theimplementationof theNEB methodin aclassicaldynamicsprogramis quite
simple. First, the energy andgradientneedto be evaluatedfor eachimagein the
elasticbandusingsomedescriptionof theenergeticsof thesystem(a�rst principles
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calculationor anempiricalor semi-empiricalforce�eld). Then,for eachimage,the
coordinatesandenergy of thetwo adjacentimagesarerequiredin orderto estimate
thelocaltangentto thepath,projectouttheperpendicularcomponentof thegradient
andaddtheparallelcomponentof thespringforce. Thecomputationof M�k for the
variousimagesof thesystemcanbedonein parallelon a clusterof computers,for
examplewith aseparatenodehandlingeachoneof theimages.Eachnodethenonly
needsto receive coordinatesandenergy of adjacentimagesto evaluatethe spring
forceandto carryout theforceprojections.Varioustechniquescanbeusedfor the
minimization. We have usedprojectedvelocity Verlet algorithmdescribedabove
(seethesectiononDragmethod).

To starttheNEB calculation,aninitial guessis required.Wehavefoundasimple
linearinterpolationbetweentheinitial and�nal pointadequatein many cases.When
multipleMEPsarepresent,theoptimizationleadstoconvergenceto theMEPclosest
to theinitial guess,asillustratedin �gure 2. In orderto �nd theoptimalMEPin such
asituation,somesamplingof thevariousMEPsneedsto becarriedout,for example
asimulatedannealingprocedure,or analgorithmwhichdrivesthesystemfrom one
MEPto another, analogousto thesearchfor aglobalminimumonapotentialenergy
surfacewith many localminima.27

It is importantto eliminateoverall translationandrotationof thesystemduring
theoptimizationof thepath. A methodfor constrainingthecenterof massandthe
orientationof thesystemhasbeendescribed,for example,by reference37. Often,it
issuf�cient to �x sixdegreesof freedomin eachimageof thesystem,for exampleby
�xing oneof theatoms(zeroingall forcesactingononeof theatomsin thesystem),
constraininganotheratomto only movealongaline (zeroing,for example,thex and
y componentsof theforce),andconstraininga third atomto move only in a plane
(zeroing,for example,thex componentof theforce).

III.3 INTERPOLA TION BETWEEN IMA GES

In order to obtain an estimateof the saddlepoint and to sketch the MEP, it
is importantto interpolatebetweenthe imagesof the convergedelasticband. In
additionto the energy of the images,the forcealongthe bandprovidesimportant
informationand shouldbe incorporatedinto the interpolation. By including the
force,thepresenceof intermediatelocal minimacanoftenbeextractedfrom bands
with asfew asthreeimages.Theinterpolationcanbedonewith acubicpolynomial
�t to eachsegment[R $

= R $YX

� ] in which the four parametersof the cubic function
canbechosento enforcecontinuity in energy andforceat bothends.Writing the
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where :

$ and :

$\X

� arethe valuesof the energy at the endpoints,and •

$ and •

$YX

�

are the valuesof the force along the path. This type of interpolationis usually
quitesmootheven thoughthesecondderivative is not forcedto becontinuous.A
possibleimprovementis to generatea quintic polynomialinterpolationso that the
secondderivativescanalsobematched(andsetto zeroattheendpointsfor anatural
spline). This higherorderpolynomialcan,however, addarti�cial wiggles in the
path.26

III.4 APPLICATIONS OF THE NEB METHOD

TheNEB methodhasbeenappliedsuccessfullyto awide rangeof problems,for
examplestudiesof diffusionprocessesatmetalsurfaces,28 multipleatomexchange
processesobservedin sputterdepositionsimulations,29 dissociativeadsorptionof a
moleculeon a surface,25 diffusionof rigid watermoleculeson an ice Ih surface,30

contactformationbetweenmetaltip andasurface,31 cross-slipof screw dislocations
in a metal (a simulationrequiringover 100,000atomsin the system,anda total
of over 2,000,000atomsin theMEP calculation),32 anddiffusionprocessesat and
nearsemiconductorsurfaces(usinga planewave basedDensityFunctionalTheory
methodto calculatetheatomicforces).33 In thelasttwo applicationsthecalculation
wascarriedoutonaclusterof workstationswith theforceoneachimagecalculated
onaseparatenode.

III.5 OTHER CHAIN-OF-STATES METHODS

TheNEBmethodisanexampleofwhathasbeencalledachain-of-statesmethod.34

Thecommonfeatureis thatseveralimagesof thesystemareconnectedtogetherto
traceout apathof somesort. Thesimpleobjectfunctionfor achain(equation1) is
mathematicallyanalogousto aFeynmanpathintegral15 for anoff-diagonalelement
of adensitymatrix describingaquantumparticle,whichwasused,for example,by
Kuki andWolynesto studyelectrontunnelingin proteins.35 Severalchain-of-states
methodshave beenformulatedfor �nding transitionpathsthat areoptimal in one
way or another.36–43 The NEB methodis the only onethatconvergesto theMEP
without having to usesecondderivativesof the energy. Elber andKarplus36 for-
mulatedanobjectfunctionwhich is essentiallysimilar to equation1 althoughmore
complex. CzerminskiandElberpresentedanimprovedmethodwith theSelf-Penalty
Walk algorithm(SPW)37 wherearepulsionbetweenimageswasaddedto theobject
function to prevent aggregationof imagesandcrossingsof the pathwith itself in
regionsnearminima. Ulitsky andElber,38 andChoi andElber presenteda quite
differentalgorithm,the Locally UpdatedPlanes(LUP).39 There,the optimization
of thechain-of-statesinvolvesestimatinga local tangentusingequation5 andthen
minimizing theenergy of eachimage,S , within thehyperplanewith normal €

$ , i.e.
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relaxingthesystemaccordingto
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After every … steps(where … is on the orderof 10) in the relaxation,the local
tangentsUq $ areupdated.Sincethereis no interactionbetweentheimages(suchas
the spring force in the NEB), the LUP algorithmgivesan uneven distribution of
imagesalongthe path,andcanevengive a discontinuouspathwhentwo or more
MEPslie betweenthegiveninitial and�nal states.39 Also,theimagesdonotconverge
rigorouslytotheMEP,butslidedownslowly totheendpointminimabecauseof kinks
thatform spontaneouslyonthepathand�uctuateastheminimizationis carriedout.
Choi andElber point out that it is importantto startwith a good initial guessto
theMEP to minimize theseproblems.TheNEB methodis closelyrelatedto both
theLUP methodandtheElber-Karplusmethod.TheNEB methodincorporatesthe
strongpointsof bothof theseapproaches.

Smart43 modi�ed the Elber-Karplus-Czerminskiformulationto get bettercon-
vergenceto thesaddlepoint. Theobjectfunctionin his formulationinvolvesavery
highpower(on theorderof 100to 1000)of theenergy of theimagesto increasethe
weightof thehighestenergy imagealongthepath.

Sevick, Bell andTheodorou40 proposeda chainof statesmethodfor �nding the
MEP, but their optimizationmethod,which includesexplicit constraintsfor rigidly
�xing the distancebetweenimages,requiresevaluationof the matrix of second
derivativesof thepotentialandis, therefore,not asapplicableto largesystemsand
complex interactions.

Chain-of-statesmethodshave also beenusedfor �nding classicaldynamical
paths.41,42 Gillilan and Wilson42 suggestedusing an object function similar to
equation1 for �nding saddlepoints,but this suffers from the corner-cutting and
down-slidingproblemsdiscussedabove.

IV. THE CI-NEB METHOD

Recently, a modi�cation of theNEB methodhasbeendeveloped,theClimbing
Image- NEB.44 There,oneof theimages,theonethatturnsout to have thehighest
energy afterone,orpossiblyafew relaxationsteps,is madetomoveuphill in energy
alongtheelasticband.This is accomplishedby zeroingthespringforceonthisone
imagecompletelyand including only the invertedparallel componentof the true
force

Fclimb
imax




M�k

D

Rimax
G

QeU

LWV

U

L�V (13)

Theclimbingimageisdraggeduphill,analogoustothedragmethod,but theessential
differenceis that the dragdirection is determinedby the locationof the adjacent
imagesin theband,not justR andP (unlessthebandonly consistsof onemovable
image).Thetangentto thepathisalsoweightedbytheenergyof theadjacentimages
asexplainedabove. Thisturnsoutto beimportantin thesurfaceislandtestproblem.
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Figure2 shows theresultof a CI-NEB calculationsfor thetwo dimensionaltest
problem.Threemovableimagesareincludedbetweentheendpoints,andastraight
line interpolationbetweenR andP is usedasa startingguess.Thecentralimage
becomestheclimbingimagesinceit hasthehighestenergy initially. Simultaneously,
asthe climbing imageis pusheduphill, the othertwo imagesrelax subjectto the
forceprojectionsof thenudgingalgorithm. After convergenceis reached,a crude
representationof theMEP hasbeenobtainedandoneof theimagesis sitting at the
saddlepointtowithin theprescribedtolerance.An importantaspectof thealgorithm
is thatall movableimagesareadjustedsimultaneously, andsinceonly theposition
of adjacentimagesareneededfor eachstep,thealgorithmagainparallelizesjustas
ef�ciently astheregularNEB.

V. THE CPR METHOD

For theconjugatepeakre�nementmethod,45 (CPR),asetof imagesis generated,
oneatatime,betweentheinitial and�nal con�gurations,R andP. After theimages
areoptimized,a line betweenthe imagesconstitutesa paththat lies closeto (but
not at) the MEP. The maximaalongthe pathwill be at saddlepoints. Eachpoint
alongthepathis generatedin a cycleof line maximizationsandconjugategradient
minimizations.This is illustratedin �gure 3. In the�rst cycle, themaximumalong
thevectorP � R is found,y � . Then,aminimizationiscarriedoutalongthedirection
of eachof theconjugatevectors(a totalof D � 1 dimensions)to giveanew pointx � .

In thesecondcycle themaximumalonganestimatedtangentto theR � x �

� P
pathis found. The tangentis estimatedusingequation6. This new maximumis
denotedy ? in �gure 3. Theenergy is thenminimizedalongeachof theconjugate
vectorsto giveanew point thatcouldpotentiallygetincorporatedinto thepath,etc.
Therulesfor decidingwhethera new point getsaddedto thepathpermanentlyare
quitecomplicatedandwill not begivenhere.Thecycleof maximizationalongthe
tangentandthenconjugategradientline minimizationsis repeateduntil amaximum
alongthepathhasasmallergradientthanthegiventolerancefor saddlepoints.

A detailedimplementationof theCPRmethod,theTRAVEL algorithm,hasbeen
describedby Fischer,46 providing valuesfor all relevantparameters.We have used
standardalgorithmsfrom reference47 for bracketingenergy extremaandtheline-
optimizations.

We did not usethe algorithmto generatea full pathbut stoppedassoonasa
point wasfoundthatsatis�edour criterionfor a saddlepoint (themagnitudeof the
gradientof theenergy beinglessthanagiventolerance).

VI. THE RIDGE METHOD

TheRidgemethodof IonovaandCarter48 involvesadvancingtwo imagesof the
system,oneon eachsideof the potentialenergy ridge, down towardsthe saddle
point. The pair of imagesis moved in cyclesof `sidesteps'and`downhill steps'
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in the following way. First, a straightline interpolationbetweenproducts,P, and
reactants,R, is formedandthe maximumof energy alongthis line is found. The
methodis illustratedin �gure 4, wherethemaximumis foundat point a. We used
theroutineDBRENT from reference47 to carryout theline maximizations,which
makesuseof theforce,andtypically takesacoupleof forceevaluationsto converge
to within

��� �

�

�A of themaximum.Then,two replicasof thesystemarecreatedon
theline, oneoneachsideof themaximum,x †

� andx †

� (see�gure 4).
Themagnitudeof thedisplacementof thetwo imagesfrom themaximumneeds

to bechosen.This `side-step'distanceis typically chosento be
���

�

�A in the �rst
cycle. The force is now evaluatedat the two imagesand they aremoved in the
directionof theforcea certaindistance,the`downhill-step'. This generatespoints
x † †

� andx † †

� . Thedownhill distanceis typically chosento be
�v�

�

�A in the�rst cycle.
Thiscompletesthe�rst cycle. Then,anew cycleis startedby maximizingalongthe
line [x † †

� , x † †

� ] to obtainthepoint b, etc.
Theside-stepanddownhill-stepof theimagesneedto graduallydecreaseasthe

imagesgetcloserto thesaddlepoint. It is possiblethattheenergy of apoint (in the
sequencea = b = c =

�#�6�

) is higherthanat thepreviouspoint. In suchcasesthedownhill
displacementis reducedby ahalf. Also, if theratioof theside-stepto downhill-step
distancebecomeslarger thana certain,chosenratio, the sidestepdistanceis also
decreasedby a half. This ratio is typically chosento besomenumberin therange
between1 and10. Wefoundthatthealgorithmworkedbestfor a ratioof 1.2 in the
testcaseswe carriedout. As thetwo imagesmove andthesizeof theside-stepto
downhill-stepis decreased,thesequenceof pointsa = b = c =

�6�6�

shouldleadto asaddle
point.

If thetwo imagesarealmostequallydisplacedfrom thetop of theenergy ridge
andtheridgeis straight,it canbesuf�cient to evaluatetheforceonly at thecentral
point, ratherthanat the two images,therebysaving a factorof two in thenumber
of forceevaluations.This is implementedin sucha way that if a new point in the
sequencea = b = c =

�6�6�

is closeto thecenterof thetwo images(notwithin ‡

�

% of either
image),thenthe force in the next cycle is only evaluatedat the centralpoint and
appliedto bothimagesin thedownhill-step.

It turnsoutthatmostof theforceevaluationsareneededwhenthetwo imagesare
rathercloseto thesaddlepoint. IonovaandCarter48 have discussedpossibleways
to improve theperformanceof themethodin this �nal stageof thesearch.

VII. THE DHS METHOD

Dewar, HealyandStewart49 (DHS)haveproposedamethodwhichalsoinvolves
two imagesof thesystem.First,theendpointsR andP arejoinedby aline segment.
Thetwo imagesarethensystematicallydrawn towardeachotheruntil thedistance
betweenthemis smallerthanagiventolerancefor �nding thesaddlepoint.
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Therearetwo stepsin eachcycle. First, theenergy of bothimagesis calculated.
Theoneat lower energy is thenpulled towardstheoneat higherenergy alongthe
line segment,typically about̂ % of theway. Second,theenergy of thelowerenergy
imageis minimizedkeepingthedistancebetweenthetwo �x ed. An applicationof
the methodto the two-dimensionaltestproblemis shown in �gure 5. In the �rst
cycle, the imageat P is higherin energy thantheoneat R, so thelatter is brought
in towardsP by ˆ % andtheallowedto relaxwith a �x eddistanceconstraint.This
repeatsseveral times,causingthe imagethat startsat R to climb up the potential
energyvalley leadingupfromR. Eventually, theimageatPbecomeslowerin energy.
The�v ecyclesfollowingthatareshownwith solidlinesin �gure 5. Remarkably, the
pair of imagesendup moving pastthelocal maximumandconvergeon thesaddle
pointon theotherside.

Themethodcanlocatetheneighboringregion of thesaddlepoint quitequickly,
but doesnot convergecloseto thesaddlepoint ef�ciently . If theimagesarepulled
towardseachothertoo quickly, theprobabilityof both imagesendingon thesame
sideof theridgeis increased.Eventually, asthepairof imagesgetscloseenoughto
thesaddlepoint, sucha slip over theridge is boundto occurandboth imageswill
thensettleinto oneof theminimaR or P.

We choseto usea velocity Verlet type algorithm21 for the minimizationof the
positionof thelowerenergy image.At eachsteponly theforceperpendicularto the
line segmentconnectingthetwo imageswasincluded.Thevelocity parallelto the
forcewasincludedin thedynamicsuntil thetwo pointedin theoppositedirection,at
whichpointthevelocitywaszeroed.Thisis thesamekindof minimizationalgorithm
weusewith theDrag,NEB andCI-NEB methods.

VIII. THE DIMER METHOD

Whenthe�nal stateof a transitionis not known, thesearchfor thesaddlepoint
is morechallenging.A climb up from the initial stateto the saddlepoint is more
dif�cult thanmight at �rst appear. It is not suf�cient to just follow the direction
of slowestascent– the two-dimensionaltestproblemillustratedin �gures 1 to 5
is an exampleof that. Several methodshave beendevelopedwhereinformation
from secondderivatives is built in to guide the climb.50–55 Thesemethodshave
becomewidely usedin studiesof smallmoleculesandclusters.Theirdisadvantage
is thatthey requirethesecondderivativesof theenergy with respectto all theatomic
coordinates,i.e. thefull Hessianmatrix,andthenthematrixneedstobediagonalized
to �nd thenormalmodes,anoperationthatscalesas ‰

 . Theevaluationof second
derivativesis oftenverycostly, for examplein planewavebasedDensityFunctional
Theorycalculations. Also, in large systemswhereempiricalpotentialsareused,
the ‰� scalingbecomesa problem.For example,in a very interestingrecentstudy
of relaxationprocessesin Lennard-Jonesglasses,a practicallimit wasreachedat a
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coupleof hundredatoms,56 while systemsizeeffectscanbepresentin suchsystems
evenwhenup to 1000atomsareincluded.57

A new methodfor �nding saddlepointswasrecentlypresentedwhich hasthe
essentialqualitiesof themodefollowing methods,but only requires�rst derivatives
of the energy andno diagonalization.58 It canthereforebeappliedto planewave
DFT calculationsandit canbeappliedto largesystemswith severalhundredatoms,
asillustratedbelow. Themethodinvolvestwo replicasof thesystem,a `dimer', as
illustratedin �gure 6. Thedimer is usedto transformtheforce in sucha way that
optimizationleadsto convergenceto a saddlepoint ratherthana minimum. The
forceactingon the centerof the dimer (obtainedby interpolatingthe forceon the
two images)getsmodi�ed by invertingthecomponentin thedirectionof thedimer.
Beforetranslatingthe dimer, the energy is minimizedwith respectto orientation.
As pointedout by Voter,59 this givesthedirectionof the lowestfrequency normal
mode.Thiseffectiveforcewill takethedimertoasaddlepointwhenanoptimization
schemeis applied,for exampleconjugategradientsor thevelocityVerletalgorithm
with velocity damping.A detailedalgorithmfor �nding theoptimalorientationin
anef�cient wayis describedin reference58. In a testprobleminvolving Al adatom
diffusionontheAl(100)surface,theDimermethodwasfoundtoconvergepreferably
on the lowestsaddlepoints( Š}ˆ % of the time the methodconvergedon oneof the
lowestfour saddlepoints)andthecomputationaleffort wasfoundto increaseonly
weaklyasthenumberof degreesof freedomin thesystemwasincreased.58

Figure7 shows a Dimer calculationfor the two-dimensionaltestproblem. The
initial con�gurationsfor thedimersearchesweretakenfrom theextremaof ashort
hightemperaturemoleculardynamicstrajectory(shown asadashedline). Thethree
initial pointsaredifferentenoughthatthedimersearchesconvergetoseparatesaddle
points. In generalthestrategy for theDimer methodis to try many differentinitial
con�gurationsaroundaminimum,in orderto �nd thesaddlepointsthatleadoutof
thatminimumbasin.

IX. CONFIGURATION AL CHANGE IN AN ISLAND ON
FCC(111)

As a testproblemfor comparingthevariousmethodsdescribedabove,we have
chosenaheptamerislandon the(111)surfaceof anFCCcrystal.Partly, thischoice
is madebecauseit is relatively easyto visualizethe saddlepoint con�gurations
andpartly becausethereis greatinterestin the atomicscalemechanismof island
diffusionon surfaces(seefor examplereference60). The interactionpotentialis
chosento bea simplefunction to make it easyfor othersto verify andextendour
results.Theatomsinteractvia apairwiseadditiveMorsepotential
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with parameterschosentoreproducediffusionbarriersonPtsurfaces61(
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�A. While
exchangeprocessesarenot well reproducedwith sucha simplepotential,thepre-
dictedactivationenergy for hopdiffusionprocessesisquitesimilarto thepredictions
of morecomplex potentialfunctionsandin somecasesin quitegoodagreementwith
experimentalmeasurements.28,61

The surfaceis simulatedwith a 6 layer slab,eachlayer containing56 atoms.
The minimum energy lattice constantfor the FCC solid is used,

� �

Š

›F›

�

� �A. The
bottomthreelayersin theslabareheld �x ed. A total of 7 + 168= 175atomsare
allowedto moveduringthesaddlepoint searches.This is 525degreesof freedom.
The displacementsmainly involve someof the islandatoms,but relaxationof the
substrateatomscanalsobeimportant.

Theinitial con�gurationof theislandis acompactheptamerasshown in �gure 8.
Thequestionis how theislanddiffuses.Wehavefocusedontheinitial stageof such
acon�gurationaltransition,i.e. saddlepointsthatareattheboundaryof thepotential
basincorrespondingto the compactheptamerstate. A total of 13 processeswere
foundwith saddlepoint energy lessthanor equalto �

�

ˆ��”‡ eV. The lowestenergy
processescorrespondto uniform translationof the islandfrom FCC sitesto HCP
sites.Therearetwo slightly differentdirectionsfor theislandto hop,andthustwo
slightly differentsaddlepoints,of energy

��� �>�

� eV and
��� �

�
�

eV (see�gure 8). The
next threelow energy saddlepoints,processes3 to 5, correspondto a pair of edge
atomsshiftingtoadjacentFCCsites.Thethreeprocessesarequitesimilar, justthree
slightly inequivalentdirections.Process6 and7 arequiteinteresting.Here,apairof
atomsisagainshifted,butnow only to thenearbyHCPsites.Theother5atomsin the
clusterarealsoshiftedto adjacentHCPsitesbut in theoppositedirection.The�nal
statehasall islandatomssittingatHCPsites.Processes8 and9 involveaconcerted
moveof threeedgeatoms.Process10and11involveanedgedimerwhereoneof the
atomsmovesin adirectionawayfrom theislandwhile theotheronetakesits place.
This is a signi�cantly higherenergy �nal state,becauseof thelow coordinationof
oneof thedisplacedatoms.Finally, processes12and13involvethedisplacementof
just oneatomaway from theisland,againresultingin low coordinationin the�nal
state.

Onecommonfeatureof processes3 to 13is thatthe�nal stateis higherin energy
thantheinitial state.Thesaddlepoint is typically late,i.e. closeto the�nal state.

X. RESULTS

Theresultsof thecalculationsaregivenin tables1 and2. Thenumberof force
evaluationsneededto reacha saddlepoint is given. We usethis unit of computa-
tional effort becausethe evaluationof the force dominatesthe effort at eachstep,
evenwith empiricalpotentials.We areparticularlyinterestedin planewave based
DFT calculationswheretheevaluationof just theenergy andnot theforcepresents
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insigni�cant savings. The computationaleffort is, therefore,simply characterized
by thenumberof forceevaluations.Table1 givestheresultsobtainedwith conver-
gencetoleranceof

��� �

� eV/�A in the magnitudeof the force, i.e. the saddlepoint
searcheswerestoppedwhenthemagnitudeof theforceon eachdegreeof freedom
haddroppedbelow thisvalue.Thistoleranceis smallenoughto getthesaddlepoint
energy to within

��� �

� eV. To illustratehow fastthevariousmethodshomein on the
saddlepoints,thenumberof forceevaluationsneededto satisfya tightertolerance,

��� �F�

� eV/�A, is given in table2 for comparison. In mostcases,the saddlepoint
energy obtainedis differentby lessthan

��� �F�

� eV asthetoleranceis reduced,but in
somecasesthedifferenceis on theorderof

��� �

� eV.
Theresultsshow thatthedragmethodfails for 7 outof the13processes.This is

becausetheMEPhaslargecurvatureandthedirectionof theunstablenormalmode
at thesaddlepoint is quitedifferentfrom thedirectionof thevectorP-R. Thedrag
methodshould,therefore,notbeused.Whenthedragmethodworks,however, it is
veryef�cient.

TheCI-NEB methodwith threemovableimages,CI-NEB(3), is highly reliable,
getsall the saddlepoints, and is lessthan threetimes more expensive than the
dragmethod.Sinceit is easyto paralellizetheCI-NEB with oneimagepernode,
thenumberof forceevaluationsper node,andthereforethe elapsedtime until the
calculation�nishes onathreenodecluster, wouldactuallybejustaboutthesameor
evenlessfor CI-NEB(3) thanfor Drag.

It is interestingto pushthe elasticbandmethodto the extremeandreducethe
numberof imagesto one.Thisis essentiallythesameastheDragmethodexceptthe
directionof thedragis different. If thetangentin theCI-NEB wereestimatedusing
equation5, thenthetwo methodswouldbeidentical.ThefactthatCI-NEB usesan
estimateof thetangent,equations7 and9, wheretheweightof theadjacentpoints
is a functionof theenergy, makestheCI-NEB(1) convergein thesecaseswhile the
Drag methoddiverges. The saddlepoint is closerto the higherenergy �nal state,
andthetangentof thepathis biasedmoretowardstheline segmentto the�nal state
thanto theinitial state.It is interestingthatCI-NEB(1) is sosuccessfulin thesetest
problems,but it cannotbeexpectedto work in all cases.

TheRidgemethodis signi�cantly moreexpensive thanCI-NEB(3), a factorof
2.7for thelargertoleranceandafactorof 3.3for thesmallertolerance.Themethod
hasrelatively hard time converging rigorouslyon the saddlepoint, i.e. it usesa
largenumberof forceevaluationstowardstheendof thesearch.Thereareseveral
parametersin theRidgemethodthatneedtobechosenandtheperformancedepends
quitestronglyonthechoiceof theseparameters.Weoptimizedfor oneof thesaddle
point searchesandthenusedthesameparametersetfor all of them(theparameters
aregivenin thediscussionof themethodabove).

TheCPRmethodis themostdif�cult methodto implement,becauseof thecom-
plex rulesfor addingor rejectingpointson thepath. It is alsotheleastef�cient of
themethodstested.It does,however, convergequickly to thesaddlepointonceit is
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close,asis evident from comparingtable1 and2. This is probablybecauseof the
useof theconjugategradientminimizationwhich is quiteef�cient.

TheDHSmethodof Dewarandcoworkersis easyto implementandit doesquite
well. It is thesecondbestmethodat thelargertolerance.But, astheRidgemethod,
it hashardtime converging on thesaddlepoint. A signi�cant improvementin the
timing might occurif a switch to a differentmethod,for examplethe CI-NEB(1),
is madeoncethetwo imagesarein theregion of thesaddle(for example,whenthe
forcehasdroppedto

���

� eV/�A).
TheDimermethodcanbestartedfrom any pointonthepotentialenergy surface.

While themethodis designedto work without any knowledgeof the �nal state,it
is possibleto make useof the�nal statein caseswhereit is known. Tables1 and2
aretimingsfor theDimermethodwherealine maximizationalongtheP � R line is
�rst carriedout,andthentheDimersearchis startedfrom themaximum.Thedimer
methodis highly ef�cient, eachsaddlepointsearchinvolvesfewerforceevaluations
thanCI-NEB(3). Theadvantageof CI-NEB(3) is that it givessomepictureof the
wholeMEP in additionto thesaddlepoint,asdiscussedbelow. Theuniquequality
of the Dimer methodis its ability to climb up the potentialsurfacestartingfrom
the minimum. Resultsof 50 suchrunsareshown in �gure 9. Here, the starting
pointsweregeneratedby randomdisplacementsof theatomsabouttheinitial state
minimumwith maximumamplitudeof

���

�

�A. Thetightertolerance,
��� �e�

� eV/�A was
usedin theseruns.It is surprisingthattheaveragenumberof forceevaluationsis not
thatmuchlargerthanwhenthesearchwasstartedfrom themaximumalongP � R
(590forceevaluationsvs. 528). Of course,if oneis only interestedin a particular
�nal state,thedimermethodstartedfromtheminimummayconvergeonthe`wrong'
saddlepointandthenneedsto berepeateda few times.

For comparison,we have includedin tables1 and2 the timings for a simpler
algorithm,ART,27 a methodwhich is mainly usedto help equilibratesystemsby
�nding �nal statesratherthansaddlepoints(andhasprovento behighly successful
in simulationsof amorphousmaterials,62 for example).Themethodis analogousto
thedragmethodexceptno referenceis madeto the �nal state,thedragcoordinate
is taken to be thedirectionfrom the initial stateto thecurrentlocation. The force
wasinvertedalongthedragcoordinateandvelocity Verletalgorithmwith velocity
projectionsusedto homein on thesaddlepoint. Themethodis very ef�cient and
takes somewhat fewer iterationsthan the dimer method,but similar to the drag
method,it doesnot �nd abouthalf thesaddlepoints.

XI. DISCUSSION

It is importantto point out that all the timings given above arefor a searchof
a singlesaddlepoint. In order to verify that the saddlepoint found is indeedthe
highestsaddlepointontheMEPfor theprocessof interest,acalculationof theMEP
needsto becarriedout. Giventhesaddlepoint, it is ratherstraightforwardto slide
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down alongthe MEP. Onestablemethodis to displacethesystemdownwardand
thenminimizetheenergy with a�x eddistanceto thepreviouspointhigherupalong
thepath.TheCI-NEB(3)methodprovidesthreepointsalongtheMEPandwith the
interpolationwhereforcesareincludedthis is typically enoughto seewhetherthe
pathhasmorethanonesaddlepoint. TheCI-NEB(3) timings in table1 and2 are,
therefore,thetotal numberof forceevaluationsneededto getboththesaddlepoint
energy andto geta reasonableideaof whattheMEP lookslike. If it is evidentthat
additionalsaddlepointsarepresent,additionalimagescanbe introducedstarting
from thebestestimatefrom the interpolation.TheRidge,CPRandDHS methods
would all needto befollowedby a calculationof theMEP startingfrom thesaddle
point. Thiswouldtypicallyaddacoupleof hundredforceevaluationsto thenumbers
givenfor theDrag,Ridge,CPRandDHS methodsin table1 and2.

XII. SUMMAR Y

An overview hasbeengiven of several methodsusedto �nd saddlepointson
energy surfaceswhenonly the energy and�rst derivativeswith respectto atomic
positionsareavailable. Finding saddlepoints is the mostchallengingtaskwhen
estimatingratesof transitionswithin harmonicTransitionStateTheory. Thehigh
dimensionalityof condensedmattersystemsmakesthis non-trivial. Several com-
monly usedmethodshave beenappliedto a testprobleminvolving con�gurational
changesin an islandon a crystalsurfacewherethe �nal stateof the transitionis
known. TheCI-NEB methodturnedout to bethemostef�cient method.In addition
to thesaddlepoint,it givesanideaof theshapeof thewholeMEP. This is necessary
to determinewhethermorethanonesaddlepointsarepresent,andthenwhichoneis
highest.Whenthe�nal stateis not known, theDimermethodcanbeusedto climb
upthepotentialenergy surfacestartingfrom theinitial state.Theaveragenumberof
forceevaluationsfor a Dimer to convergeon a saddlepoint is similar to a CI-NEB
calculationwith threemovableimagesin thetestproblemstudiedhere.

It is ourhopethatthetestproblempresentedwill continueto beausefulstandard
for comparingmethodsfor �nding saddlepoints. Clearly, othertestproblemswith
differentqualitiesshouldalsobe added. To make it easierfor othersto usethis
testproblem,we have madecon�gurationsandothersupplementaryinformation
availableon thewebat:
http://www-theory.chem.washington.edu/~hannes/paperProgrInThChem
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Appendix: The two-dimensionaltestproblem

This model includesa LEPS63 potentialcontribution which mimics a reaction
involvingthreeatomscon�nedtomotionalongaline. Onlyonebondcanbeformed,
eitherbetweenatomsA andB or betweenatomsB andC. The potentialfunction
hastheform
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wherethe
�

functionsrepresentCoulombinteractionsbetweentheelectronclouds
andthenucleiandthe

Ÿ

functionsrepresentthequantummechanicalexchangein-
teractions.Theform of thesefunctionsis
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In orderto reducethenumberof variables,thelocationof theendpointatomsA

andCis�x edandonlyatomB isallowedtomove.A `condensedphaseenvironment'
is representedby addinga harmonicoscillatordegreeof freedomcoupledto atom
B. This canbeinterpretedasa fourth atomwhich is coupledin a harmonicway to
atomB
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beenusedasa simplerepresentationof anactivatedprocesscoupledto a medium,
suchasa chemicalreactionin a liquid or in a solidmatrix.
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References

[1] H. Eyring,J. Chem.Phys.3, 107(1935).



288 G. Henkelman,G. JóhannessonandH. Jónsson

[2] E. Wigner, Trans.FaradaySoc.34, 29(1938).

[3] J.C. Keck,Adv. Chem.13, 85 (1967).

[4] P. Pechukas,in `Dynamicsof MolecularCollisions', part B, ed. W. H. Miller
(PlenumPress,N.Y. 1976).

[5] D.G. Truhlar, B.C. Garrettand S.J.Klippenstein,J. Phys.Chem.100, 12771
(1996).

[6] A. F. VoterandD. Doll, J. Chem.Phys.80, 5832(1984).

[7] D. G. TruhlarandB. C. Garrett,Annu.Rev. Phys.Chem.35, 159(1984).

[8] J.B. Anderson,J. Chem.Phys.58, 4684(1973).

[9] A. F. VoterandD. Doll, J. Chem.Phys.82, 80(1985).

[10] C. Wert andC. Zener, Phys.Rev. 76, 1169(1949).

[11] G. H. Vineyard,J. Phys.Chem.Solids3 121(1957).

[12] R. Marcus,J. Chem.Phys.45, 4493(1966).

[13] G. Mills, G. K. Schenter, D. Makarov andH. J�onssonChem.Phys.Lett.278, 91
(1997).

[14] H. J�onsson,G. Mills andK. W. Jacobsen,̀RAW QuantumTransitionStateThe-
ory', in `ClassicalandQuantumDynamicsin CondensedPhaseSimulations',ed.
B. J.Berne,G. Ciccotti andD. F. Coker, page405(World Scienti�c, 1998).

[15] R. P. FeynmanandA. R. Hibbs,QuantumMechanicsandPath Integrals, (Mc-
Graw Hill, New York, 1965).

[16] W. H. Miller, J. Chem.Phys.62, 1899(1975).

[17] S.Coleman,in TheWhysof SubnuclearPhysics, ed.A. Zichichi (Plenum,N.Y.,
1979).

[18] V.A. Benderskii,D.E. Makarov and C.A. Wight, ChemicalDynamicsat Low
Temperature (Whiley, New York, 1994).

[19] M.L. McKeeandM. Page,Reviews in ComputationalChemistryVol. IV, K.B.
Lipkowitz andD.B. Boyd, Eds.,(VCH PublishersInc.,New York, 1993).

[20] H. J�onsson,G.Mills andK. W. Jacobsen,̀NudgedElasticBandMethodfor Find-
ingMinimumEnergyPathsof Transitions',in `ClassicalandQuantumDynamics
in CondensedPhaseSimulations',ed.B. J.Berne,G. Ciccotti andD. F. Coker,
page385(World Scienti�c, 1998).

[21] H. C. Andersen,J. Chem.Phys.72, 2384(1980).

[22] T. A. HalgrenandW. N. Lipscomb,Chem.Phys.Lett.49, 225(1977).

[23] M. J.RothmanandL. L. Lohr, Chem.Phys.Lett.70, 405(1980).

[24] G. Mills andH. J�onsson,Phys.Rev. Lett.72, 1124(1994).

[25] G. Mills, H. J�onssonandG. K. Schenter, Surf. Sci.324, 305(1995).

[26] G. HenkelmanandH. J�onsson,(submittedto J. Chem.Phys.).

[27] N. MousseauandG. T. Barkema,Phys.Rev. E 57, 2419(1998).

[28] M. VillarbaandH. J�onsson,Surf. Sci.317, 15 (1994).



Methodsfor �nding saddlepointsandminimumenergypaths 289

[29] M. VillarbaandH. J�onsson,Surf. Sci.324, 35 (1995).

[30] E. BatistaandH. J�onsson,ComputationalMaterialsScience(in press).

[31] M. R.S�rensen,K. W. JacobsenandH. J�onsson,Phys.Rev. Lett.77, 5067(1996).

[32] T. Rasmussen,K. W. Jacobsen,T. Leffers,O. B. Pedersen,S.G. Srinivasan,and
H. J�onsson,Phys.Rev. Lett.79, 3676(1997).

[33] B.Uberuaga,M. Levskovar,A. P.Smith,H.J�onsson,andM.Olmstead, `Dif fusion
of Gebelow theSi(100)surface:TheoryandExperiment',Phys.Rev. Lett. 84,
2441(2000).

[34] L. R. Pratt,J. Chem.Phys.85, 5045(1986).

[35] A. Kuki andP. G. Wolynes,Science236, 1647(1986).

[36] R. ElberandM. Karplus,Chem.Phys.Lett.139, 375(1987).

[37] R.CzerminskiandR.Elber, Int. J.QuantumChem.24, 167(1990); R.Czerminski
andR. Elber, J. Chem.Phys.92, 5580(1990).

[38] A. Ulitsky andR. Elber, J. Chem.Phys.92, 1510(1990).

[39] C. ChoiandR. Elber, J. Chem.Phys.94, 751(1991).

[40] E. M. Sevick, A. T. Bell andD. N. Theodorou,J. Chem.Phys.98, 3196(1993).

[41] T. L. Beck,J.D. Doll andD. L. Freeman,J. Chem.Phys.90, 3183(1989).

[42] R. E. Gillilan andK. R. Wilson,J. Chem.Phys.97, 1757(1992).

[43] O. S.Smart,Chem.Phys.Lett.222, 503(1994).

[44] G. Henkelman,B. UberuagaandH. J�onsson,(submittedto J. Chem.Phys.).

[45] S.FischerandM. Karplus,Chem.Phys.Lett.194, 252(1992).

[46] StefanFischer, “Curvilinear reaction-coordinatesof conformal changein macro-
molecules:applicationtorotamasecatalysis”, Ph.D. Thesis,HarvardUniversity,
(1992).

[47] W. H. Press,B. P. Flannery, S.A. Teukolsky, andW. T. Vetterling,in Numerical
Recipies(CambridgeUniversityPress,New York, 1986).

[48] I. V. IonovaandE. A. Carter, J. Chem.Phys.98, 6377(1993).

[49] M. J.S.Dewar, E. F. Healy, andJ.J.P. Stewart,J. Chem.Soc.,FaradayTrans.2
80, 227(1984).

[50] C. J.CerjanandW. H. Miller, J. Chem.Phys.75, 2800(1981).

[51] D. T. NguyenandD. A. Case,J. Phys.Chem.89, 4020(1985).

[52] W. Quapp,Chem.Phys.Lett.253, 286(1996).

[53] H. Taylor andJ.SimonsJ. Phys.Chem.89, 684(1985).

[54] J.Baker, J. Comput.Chem.7, 385(1986).

[55] D. J.Wales,J. Chem.Phys.91, 7002(1989).

[56] N. P. KopsiasandD. N. Theodorou,J. Chem.Phys.109, 8573(1998).

[57] J,D, HoneycuttandH. C.Andersen,Chem.Phys.Lett.108, 535(1984);J. Chem.
Phys.90, 1585(1986).

[58] G. HenkelmanandH. J�onsson,J. Chem.Phys.111, 7010(1999).



290 G. Henkelman,G. JóhannessonandH. Jónsson
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Table II Numberof forceevaluationsneededto reach saddlepoint to ¬8­ ¬#¬8® eV/�A tolerance
in theforce.

saddle Drag CI-NEB(3) CI-NEB(1) Ridge CPR DHS Dimer ART

1 324 372 122 3441 653 795 328 332
2 70 192 45 288 433 290 244 146
3 - 597 327 2382 1610 1295 746 336
4 - 585 246 2047 1729 1296 546 366
5 - 675 314 2112 1695 1258 570 377
6 - 999 274 2187 2821 4310 704 -
7 - 978 271 2144 2720 4076 588 -
8 323 573 309 4090 1197 1320 559 742
9 338 855 446 1995 1268 1342 553 754
10 - 648 174 1610 1739 1468 816 -
11 - 447 237 1859 2793 1474 308 -
12 299 687 150 1861 1038 1160 386 -
13 293 738 230 1901 969 1097 562 -

Average 275 642 242 2147 1590 1629 532 436
Std 102 228 103 890 788 1182 173 227
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Figure1 The`drag' method.A drag coordinateis de�nedby interpolatingfromR to P with
a straightline (dashedline). StartingfromR, thedrag coordinateis increasedstepwiseandheld
�xed whilerelaxingall otherdegreesof freedomin thesystem.In a two-dimensionalsystem,the
relaxationis alonga line perpendicularto theP ¯ R vector. Thesolid linesshowthe�r st and
last relaxationline in thedrag calculation. The�nal locationof thesystemafter relaxationis
shownwith �lled circles.Asthedrag coordinateis increased,thesystemclimbsupthepotential
surfacecloseto theslowestascentpath,reaching a potentiallarger thanthesaddlepoint, and
then,eventually, slipping over to the productwell. In this simpletestcase, the drag method
cannotlocatethesaddlepoint.
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Figure 2 TheClimbing Image Nudged Elastic Band method,CI-NEB. An elasticband is
formedwith threemovableimagesof thesystemconnectedby springsandplacedbetweenthe
�xed endpoints,R andP. Thecalculationis startedbyplacingthethreeimagesalonga straight
line interpolation. Theimagesare thenrelaxedkeepingonly the thecomponentof thespring
forceparallel to thepath and thecomponentof the true force perpendicularto thepath. The
image with thehighestenergy is alsoforcedto moveuphill alongtheparallel componentof the
true forceto thesaddlepoint.
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Figure 3 Theconjugatepeakre�nement(CPR)method.Pointsalonga pathconnectingR
andP aregenerated,onepointat a timethrougha cycleof maximizationandthenminimization.
First, themaximumalong thevectorP ¯ R is found,y Â . Then,a minimizationis carried out
alonga conjugatevector(smalldashedline) to givelocationx Â onthepath. In thesecondcycle
(shownin inset)themaximumalonganestimatedtangentto theR ¯ x Â

¯ P path(solid line in
inset)is found,y Ã , andthenenergy is minimizedalonga conjugatevector(smalldashedline in
inset)to givea fourthpointalongthepath,etc.
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Figure 4 TheRidge method.A pair of imageson each sideof thepotentialenergy ridge is
movedtowards thesaddlepoint. First, themaximumalongthevectorP ¯ R is found,point a
in the inset. Thenthe two imagesare formedon each sideof themaximum,pointsx Ë Ì andx Ë

Â

,
andare displaceddownhill alongthegradientto pointsx Ë ËÌ andx Ë Ë

Â

. Thiscycleof maximization
betweenthetwoimages,andthedownhillmoveof thetwoimagesalongthegradientis repeated,
with smallerandsmallerdisplacementsuntil thesaddlepoint is reached.
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Figure5 ThemethodofDewar, HealyandStewart(DHS).Initially, apair of imagesiscreated
at R andP. In each cycle, thelower energy image is pulledtowardsthehigherenergy oneand
thenallowedto relax keepingthedistancebetweenthe two �xed. Eventually, the two images
straddletheenergy ridge nearthesaddlepoint.
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Figure6 Thecalculationof theeffectiveforcein theDimermethod.A pair of images,spaced
apart by a smalldistance, on theorder of ¬F­‘®

�A, is rotatedto minimizetheenergy. Thisgives
thedirectionof thelowestfrequencynormalmode. Thecomponentof theforcein thedirection
of thedimeris theninvertedandtheminimizationof thiseffectiveforceleadsto convergenceto
a saddlepoint. No referenceis madeto the�nal state.
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Figure7 Applicationof thedimermethodto a two-dimensionaltestproblem.Threedifferent
startingpointsare generatedin thereactantregionby takingextremaalonga high temperature
dynamicaltrajectory. Fromeach oneof these, thedimeris �r sttranslatedonlyin thedirectionof
thelowestmode, but oncethedimeris outof theconvex regiona full optimizationof theeffective
forceis carriedoutat each step(thusthekinkin twoof thepaths).Each oneof thethreestarting
pointsleadsto a differentsaddlepoint in this case.
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Figure8 On-topview of thesurfaceandthesevenatomislandusedto testthevarioussaddle
pointsearch methods.Theshadingindicatestheheightof theatoms.Theinitial stateisshownon
top. Thesaddlepointcon�guration andthe�nal stateof the13transitionsarealsoshown,with
theenergyof thesaddlepoint(in eV) indicatedto theleft. The�r sttwotransitionscorrespondto
a uniformtranslationof theintact island. Transitions3-5correspondto a pair of atomssliding
to adjacentFCCsites.In transitions6 and7 thepair of atomsslidesto theadjacentHCPsites
andtheremaining5 atomsslidein theoppositedirectionto HCPsites.In transitions8 and9, a
row of threeedge atomsslidesinto adjacentFCC sites.In transitions10 and11 a pair of edge
atomsmovesin such a way that oneof theatomsis displacedawayfromthe island while the
otheratomtakesits place. In transitions12and13a singleatomgetsdisplaced.
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Figure9 Thefrequencyat which thevarioussaddlepointsfor thesurfaceislandtransitions
(illustratedin �gure 8) are foundwith theDimer method.Thelowestsaddlepointsare found
with the highestfrequency. Also shownare the numberof iterationsrequired to go from the
intial stateto thesaddlepoint to within a forcetoleranceof ¬8­ ¬#¬8® eV/�A. For themore practical

¬F­ ¬8® eV/�A tolerance, theaverage numberof forceevaluationswasa little under300. Theerror
bars showthestandard deviation.
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